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The radiative corrections to order «? for w-¢ scattering have heen calculated. The inelastic part of the
radiative corrections have been realistically handied assuming an experimental setup, much like that of Fitch,
Leipuner ef al. at Brookhaven, where the energies of both final particles are measured. Although large log-
squared terms are found in the results, they are always cancelled by comparable terms. The reason for their
appearance can be directly related to the nature of the experimental situation.

I. INTRODUCTION

T Brookhaven,' experiments designed to measure
the electromagnetic structure effects the 2~ meson
have recently been performed. Electrons scattered out
of a target by high-energy (20-25 BeV) 7 mesons are
momentum analyzed and counted in coincidence with
the scattered =~ mesons. The cross section thus obtained
when compared with the theoretically calculated cross
section, assuming the =~ meson to be a point source,
yields information on the structure of the ¥~ meson, i.e.,
its electromagnetic form factor. The purpose of this
paper is to calculate the quantum electrodynamic parts
of the radiative corrections for this process.

This calculation can be separated into two parts:
elastic and inelastic. Elastic parts refer to those Feyn-
man diagrams which have a final electron and a final
pion, but no final photons. Inelastic parts refer to those
diagrams in which, in addition to the final electron and
pion, a photon is also emitted. Since the final states of
elastic and inelastic diagrams are different, no inter-
ference between them can occur and hence the ob-
servable cross section is simply the sum of the elastic
and inelastic cross sections.

Once the rules for forming the matrix elements corre-
sponding to the Feynman diagrams are given,? the
evaluation of the elastic cross section is straightforward.
The usual renormalization techniques? are applicable for
the removal of the so-called ultraviolet divergencies.
The infrared divergencies are avoided (in the inelastic
case as well) by assuming a small photon mass X when-
ever necessary. Because of energy-momentum conserva-
tion expressed by the appearance of the é function in the
final-state integration, this integration is trivial.

Not so for the inelastic cross section. Since the final
state here has an additional photon, if we again absorb
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tum Field Theory (Row Peterson and Company, Evanston,
Illinois, 1961), Sec. 14.c, p. 483, for scalar electrodynamics.

3F. J. Dyson, Phys. Rev. 75, 1736 (1949).

the & function in performing the integrations over the
electron and pion variables, we are yet left to do a
final-state integration over the photon variables. In
addition to the complications of this integration per se,
we have also to determine the region of integration as
limited by the experimental conditions.

Let E', & be the energies of the final particles and
let ¢’, 8 be their scattering angles, respectively. Clearly,
for elastic scattering, the condition of energy-momen-
tum conservation gives three relations for these four
quantities and consequently only one is independent.
In most scattering experiments, one measures, with
imprecisions, any two of these four quantities and admits
only those events which agree, within the limitations of
these imprecisions, with the elastic condition of energy-
momentum conservation. That is to say, the experiment
relates (albeit loosely) the quantities it measures.

These scattering experiments can then be divided into
the following three categories:

(a) E' and ¢ or & and ¢ are measured, i.e., only one
particle is detected;

(b) 6’ and 9 are measured;

(c) E' and & are measured.

The technique for handling case (a) depends on
whether the heavier or the lighter of the particles is
detected* and further depends on which of the angular
or the energy imprecisions is the larger when properly
compared. Meister and Yennie® have given a complete
treatment of case (a) and Tsai® has treated case (b).
Case (c) is the one pertaining to our problem and in this
sense this paper is to be considered a completion of the
aforementioned works.

The main task in performing any radiative correction
calculation is then to properly transform the relation
imposed by the experiment (on the measured quantities)
to a restriction on the region of integration of the final
photon variables.” We refer to this region as the experi-

4 A. S. Krass, Phys. Rev. 125, 2172 (1962); Y. S. Tsali, ibid.
122, 1898 (1961).

5N. Meister and D. R. Yennie, Phys. Rev. 130, 1210 (1963).

§Y. S. Tsai, Phys. Rev. 120, 269 (1960).

7 As is pointed out by Tsai in Ref. 6, the radiative corrections
calculated by M. L. G. Redhead, Proc. Roy. Soc. (London)
A220, 219 (1953) and R. V. Polovin, Zh. Eksperim. i Teor. Fiz.
31, 449 (1956) [English transl.: Soviet Phys.—JETP 4, 385
(1957)], are deficient because the experimental conditions are
handled unrealistically.

B975



B976 JOSEPH
mentally restricted region. This transformation is
always done via the four equations which express
energy-momentum conservation for the three final
particles. These equations themselves restrict the region
of photon integration and we refer to this region as the
kinematically restricted region. In cases (a) and (b),
since the experimental relationship involves angles, the
transformation to the experimentally restricted region
makes use of all four energy-momentum conservation
equations. Accordingly, the information contained in
these equations is already implicit in the resulting ex-
perimentally restricted region. That is, for cases (a) and
(b), the experimentally restricted region is completely
contained in the kinematically restricted region.

For case (c) the situation is quite different. Since only
energies are measured, in transforming to the experi-
mentally restricted region the momentum conservation
equations remain untouched and only the energy equa-
tion, viz.,

1.y

where v is the photon energy, is needed. Consequently,
for case (c), the kinematically restricted region has yet
to be considered and the intersection of this with the
experimentally resticted region gives the allowed photon
region,

From the linearity of Eq. (I.1) it can be seen that the
experimentally restricted region is simply the isotropic
region given by w<AE, where AE is a measure of the
experimental imprecisions, about which more will be
said later. The kinematically resticted region, on the
other hand, is more difficult to arrive at and will be
discussed in detail in Sec. III.

The notation used in this paper is nearly identical
with that of Jauch and Rohrlich.® The units used are
h=c=1 and e*/4r=q. The relativistic notation used
is such that

E'+ &'+ w=constant,

O= (a,(l()) 3 al"yV:_: a )

ab’=a-b=a-b—agbs.
The v, are 4X4 matrices satisfying the relation

YVt 1Y = 28w,
where
guu=goe=gn=—go=1

and all other g;;’s are zero. p and ¢ refer to the four mo-
menta associated with the incoming electron and pion,
respectively, and primed quantities refer to outgoing
variables. In the lab system we have

p=0m), ¢=@E), p'=1,8), ¢={,E).
The following definitions are constant throughout this
paper:

pi=p—p", @=¢—q, (ps=gs, for elastic case)
k=p2/2m2, &= ps?/2u2,

8J. M. Jauch and F. Rohrlich, The Theory of Photons and
Electrons (Addison-Wesley Publishing Company, Inc., Cam-
bridge, Massachusetts, 1955).
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where p is the mass of the 7~ meson, and m the mass of
the electron.
The symbol = is defined by 4= B if and only if

a(p")Au(p) =u(p’) Bu(p) ,

where u(p) is the electron spinor.

Terms like (a/7) log?(28’/m) in the radiative cor-
rections (which are considered undesirable because they
cast aspersions on the validity of the perturbation ex-
pansion) have been shown by Tsai® to completely cancel
for his case when the experimental conditions are real-
istically handled. It would appear that our final result
does contain such a term but this is illusory. For a more
careful examination of our final result also reveals the
term —(a/7) log?(AE/®), where & is defined in Eq.
(ITI.13). In Sec. IV we shall show that this latter term
should always be grouped with (a/7) log?(28'/m), and
the two terms tend to cancel.

It will be seen that this result arises precisely because
of the peculiarity of our allowed photon region, i.e.,
because in our case it is possible to distinguish between
the experimentally and kinematically restricted regions.
The first term can then be viewed as coming from the
isotropic experimentally restricted region and the second
term compensates for this overestimate. Because in
cases (a) and (b) the two regions blend and are in-
distinguishable this compensation (cancellation) takes
place implicitly.

II. ELASTIC SCATTERING

The Feynman diagrams, to order ¢4, for the scattering
of electrons by pions are depicted in Fig. 1.

Let M; represent the matrix element corresponding
to diagram (i) of Fig. 1. Then the lowest order matrix
element (M) is given by

M= —cmi(p')Qu(p) , (IL1)

where

o 1
c= (__)___________ . (1I1.2)
27/ pX(EEE' §) /2
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The elastic scattering cross section do., is given by®
(2m)2ES8

dogp s
20 (pg)?—m*u* ]2

X/ / &pdiqs4(p+q—p'—¢) X MM, (IL3)
spins
M is the sum of the matrix elements M, i.e.,
15
M=M+3 M,. (11.4)
=2
Then to order o
15
MTM=M1TM1+2 Re Z M1TM1'. (IIS)

i=2

The first term MM, of Eq. (IL.5) gives rise to the
lowest order contribution to deer and the remaining

terms are the radiative corrections to order «®. From
Eq. (I1.1) we get

2 MMy=cm* 3 [a(p") Qu(p) J*[4(0') Qu(p)]

sping spins

= —16> Tr{ (ip—m) Q(ip’—m) Q)= 2T
(11.6)
and

To=2[4(pq)(pq' ) — ps*u*]. (I1.7)

Let dop be the scattering cross section to lowest order.
Making use of Eq. (I1.2) for ¢ we have

ol

" 2L (pa) — () T
&' Ty

<%
E'(ps%)?

With the aid of the space part of the § function the ¢3¢’
integration in Eq. (I1.8) is trivial. There then remains
to do the integration over d%p'=p'§dQ,d&. Usually
the remaining portion of the 6 function is used to per-
form the d&’ integration and what results is an expres-
sion for do/dQ, i.e., cross section per unit sold angle.
However, in view of what the experiment actually
measures, the more relevant thing to do is to use the
remaining portion of the § function together with the
condition of axial symmetry and render the dQ, inte-
gration. This then will lead to an expression for do/d &/,
the cross section per unit (scattered electron) energy,
which is, in fact, what is measured. Thus, for the lab
system, we get

doo/d8 =mwa2To/my(ps?)?.

8(p+g—p'—¢). (IL8)

(11.9)
The matrix elements arising from diagrams 5-15 of

? Reference 8, Eq. (8-49).
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Fig. 1 are divergent for large values of the momenta of
the virtual photons. These divergencies can be removed
by means of the usual mass and charge renormalization
procedure.® Let us define!®

Ldy P
K(pusps) = (pupt) f —-1n(——) (I1.10)
[} Py2 }\2
and
1 dy
#(Pa)pb) R )

Op;y

(I1.11)

where p,=vp,+(1—9)ps. K(pa,pp) contains the infra-
red divergence through the appearance of \, the fictitious
photon mass.

In terms of K(p.,ps) and u(p.,ps) we may write

Ms_r= (‘“O‘/ZW)EK(P;P/)_K(P;P)
—(Ep 2009 Nu(p,p)+ 2141, (11.12)

M= (—a/2m)[ (10/9)—3(p+2")ulp.p") M1, (11.13)

M8—14= (—a/zw)EK(grql)—I((%Q)
—2(gq u(gg)+2]M1. (11.14)

Equation (I1.12) comes from the renormalized elec-
tron vertex diagrams, and Eq. (I1.13) from the re-
normalized electron vacuum-polarization diagram.!!
Equation (I1.14) comes from the renormalized meson
vertex diagrams, and a meson vacuum-polarization
diagram should logically be included in Fig. 1. However,
after renormalization this diagram contributes a negli-
gible amount and has therefore been omitted.?

Unfortunately, My, M, and M, cannot be rendered
into so simple a form as some factor times M. These
two-photon exchange diagrams offer the greatest com-
putational difficulties. By applying the rules of corre-
spondence we get

M= —oma(p')ps* au(p), (i=2,3,4) (IL15)

(Q+R)G(p—k)—m)(2q+R)d*k

where
(21)4./ (k2 —2pk) (k24 2gk) (B2 N2) [ (k— p3)2+)\2]
(11.16)

e / (Q—R)G(p— k) —m)(2g'— k)d*k
2m)) (k2—2pk) (B2— 20’ k) (RPN (B — pa)2+22]
(I1.17)

—4¢? / (m—ik)d*
Cme) (k- 2pR) (ke pa)k?

J: and J; contain infrared divergencies and for that

(I1.18)

10 This notation for the infrared terms, K (fa,s), is identical
with that of Tsai in Ref. 4.

1 Compare Egs. (I1.12) and (I1.13) with Egs. (I1.5) and (11.4),
respectively, of Tsai, Ref. 4, where terms of order m/8’ have been
neglected compared with unity.

2 Cf,, Appendix B for the derivation of Eq. (I1.14) and the
meson vacuum-polarization term.
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reason we have included a fictitious photon mass \ in
these integrals. The infrared divergencies can be sepa-
rated out; i.e., we can write J» and J; each as a sum of
two terms, one term containing the infrared divergency,
and the other term free of divergencies. Such a separa-
tion is clearly not unique. For definiteness we will
separate by extracting the infrared term using the tech-
nique developed by Yennie, Frautschi, and Suura.!?

Let us consider J3, Eq. (I1.17). When either of the
four-momenta of the photon propagators approaches
zero, i.e., k— 0 or k— ps— 0, we have infrared diverg-
ence. Suppose k— 0, then the infrared contribution
from J3 due to £ — 0, is obtained by neglecting % in the
numerator and in (k— p3)2. We then obtain

et 0 (b )d*%
T (2m)% ps2 J (k2—2pk)(R2—2¢ - k) (R24-7?)
—a Q
=K > ! y
P (£,9)

where K(p.,ps) is defined in Eq. (11.10).

Similarly the infrared contribution from J; due to
k—ps— 0 can be obtained by a substitution k—p3 — %
in J3, and we have

T = (—a/2m)(Q/ps)K(p',q) -
Thus we have for the extracted infrared term
]3)\=]3)\’_|_]3)\"£ (—a/Zﬂ')(Q/P32)

X[K(p,)+K(p',g)]. (11.19)

We can then write
Jy=J T30 (I1.20)

and J;%is nondivergent. The matrix element M 5*, arising
from Js* now has the particularly simple form

M= —(a/2m)[ K(p,g)+K(¢',q) I1M1. (IL.21)
Analogously for J, we may write

]2=J2)‘+J20, (II.ZZ)

where
T (a/20)Q/pILK (b, —HK(#, —¢)] (I1.23)

and J,° is nondivergent.
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K(pa, —p») is complex. This added complication in
M, arises from the fact that the intermediate state can
become real; thus we have to cross a pole in the path of
integration with respect to k, the photon four-momen-
tum. The path of integration around the pole is taken
care of by giving to m, u, and X small negative imaginary
parts. In our calculation only the real part of K(pa, — p3)
contributes to the cross section. Hence we write!*

Re[K(p, —q)+K(p', —¢')]
=K(p,9)+K(p",¢)+8,

(which defines §;) and therefore the matrix element
arising from J* is

M= (/20K (p,0)+K (p,q)+06:IM;.  (IL25)

Finally, if we let (doo/d&")(a/7)d s be the contribution
to the cross section arising from J5°, J5° and J., we get
for the elastic cross section

(T1.24)

doe  doy o
= |:1+*(51+52+5x)], (I1.26)
a8 d& T
where
5)\2K(P)p)_l'K(%Q)—K(P,rq)_K<P19/)
—K(p,p)—K(g9,¢)+K(p,9)+K(#,q), (IL.27)
By=0bx-+8y, (IL.28)

and neglecting m/ 8’ compared with unity
—(13/12)ps’u(p,p")+2(g9 )u(g,q") — (46/9) . (11.29)

8, contains all the infrared terms and will completely
cancel when added to the inelastic cross section. 8; is
the usual radiative corrections due to the vertex and
vacuum polarization diagrams. By means of Eq. (A48)
it can be put into the more calculable form

13 p2 2(+1) o'+« 46
61='—— It } In: ——
6 m? a

61=

., (I1.30)

@' —K
where &' = p32/2u?, o’ = («'242¢")1/2,

Finally, it is shown in Appendix C that in terms of the
Spence function ®(x), defined in Eq. (A49), we get

2

52=z[1n(M> hl(!’i' ) n @(“2+2Pq/>_@(u2+2pq>]

ups? 29 2

It 7

2(u24-2 ! 240")2 242 ’
+P3 (u pq)r% 1n2<( $q) )+2@<u (pq>)
T, L ups® u
2p:2(pQ) (K’+1
To a

We have used Eq. (A45) for 6k to derive Eq. (I1.31).

2 pe(ur—2 2pg)° 2—2
+_}_1> (u pq)[%w(( 9) >+2®(u M)

3

a
>l:ln2x’ In
! a'+«

4#2]
3

,—i—fI’(a'—K') —d(— (a'-}~x'))—ﬂ'2:| . (IL.31)

TO #2p32 #2

’
—K

13D, R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys. (N. Y.) 13, 379 (1961).

4 Cf.,, Appendix A, Sec. D, Egs. (A45) and (A46).
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;q‘ pI k ] 1 !

Fie. 2. Feynman dia- i \:. ' ;
grams, to order %, for ¢ ; ; \ ;
inelastic scattering. Eq N ; i v E

(@) (b) (¢ d (&)

III. INELASTIC SCATTERING

The Feynman diagrams, to order €%, associated with
inelastic n-e scattering are shown in Fig. 2. The
matrix element corresponding to these diagrams is
given by

—e3

(2#)7/2 HIwEEER) pe a(p’)(J - eulp),

(psik)Z{[g_ ;,‘,:]O‘%[;t‘*jﬂ}

1 . ’ . ’. '
e Gir ).
p?ilgk ¢k Tk ¢k

(II1.2)

(II1.1)

where

]vev:

¢ is the polarization four-vector of the emitted photon;
hence k- e=0. This result, as well as the appearance of
J-e between the spinors @ and #, have been used in
deriving Eq. (I11.2). Note that Eq. (II1.2) satisfies the
condition of gauge invariance, i.e., J-k=0.

The scattering cross section for the inelastic processes

doiner, s given by
/ / / dRA?p' APy
m2 2]1/2

(2m)?
X (p+q—p'—q—R) 2 MM,

d”inelz

2 [(p9*—
. (111.3)

where 3 spins 1S the summation over electron spins as
well as photon polarizations. Using expression (I11.1)
for M and employing the usual techniques for spin
summations, we can write

o &k [ dy
doinet= / /
(2m)2 [(pg)*—m*ur ]2

X p+q—p —¢—k)4,

=1 Te[(ip—m)J,(ip —m)J"]. (I11.5)

The space part of the § function allows us to do the d%’
integration in Eq. (II1.4). This gives

o &k [ By
d0ine1= / /
2y L(pa) — w7 g

X B(w—I—E'— to)A q'=t—k,
(w2 (t—k)2 ]2, 1f, as shown

(I1L.4)
where

wheret=p+g—p and E'=

SCATTERING B979

in Fig. 3, we choose our coordinate system such that the
z axis is along  —k and such that the x—z plane contains
q and k, then we may write d®p’/ &' = |p’|d &'d od(cos8).
6 is the angle between p’ and q—k. As in the elastic
case, we now employ the remaining part of the & func-
tion to perform the d(cosf) integration. In the lab
system we have

dE'/d(cost) = |p'| |a—k|/E,
and, therefore,
doina o 1 d*k
dg 2(27r)2m|q| /2w1q~kl

27
X/ deA
0

A| &5k, is meant to represent 4 of Eq. (I11.5) evalu-
ated at q=t—k and cosf=c(k), where (k) is gotten
from the condition w+E'—#,=0, L.e.,

(&'—m)(E+m)+w(E+m— & — |q|cosp)

cosf= =¢(k).

I~k
1o’} la—k| L)

q’=t—k
cosf=c(k)

(11L.6)

We have let ¢ be the angle between q and k.

The equality ¢(k)= cosf, imposes a restriction on the
region of integration of d%k. That is, only those photons
of four-momentum £k for which |c(k)|<1 are kine-
matically allowed. Hence the boundary of the integra-
tion region as determined by this kinematic restriction
is gotten by solving [¢(k) ]2=1 or equivalently,

aon? - 2beortc=0 (IT1.8)
where
a=(E+m— & —x):—p'2,
- e ’ 12
(E+m— & —x)(8—m)(E+m)+p", (I1L.9)
o= (8'~m)*(E+m) —p"q?,
x=|q|cosé.

So far we have in no way taken account of any limita-
tions imposed on % by the experiment. That is, in the
final-state integration we have allowed all possible
three-body states limited only by the condition p"-f-¢'--%
= constant four-vector. The experiment however, in not
counting as events those final states which fail, within

§-k

F16. 3. The coordinate
geometry for the in-
elastic final-state in-
tegration.
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Fic. 4. In the F/| &
plane, the shaded area
represents those events
allowed by the experi-
mental restriction. We
approximate this shaded
area by the parallelo-
gram ABDC.

the accuracy of the detectors, to be “elastic,” further
relates #’, ¢/, and k. The experimental situation is taken
to be the following: the final energies of both the pion
and the electron are measured. Only those events for
which the pion energy is E'4AE’ and the electron
energy is 8'4=A & such that E'+ §'= E-}m, are counted.
AE’ and A&’ are the imprecisions in the measurements
of these energies. In Fig. 4 we plot E’ versus &'. The
shaded area corresponds to those events counted by our
experiment. This relationship between E’ and &', we
now transform into a restriction on the possible values
of k. It is clear that since no angles are measured, the
experiment in no way restricts the orientation of k. We
therefore get for the experimental restriction the iso-
tropic condition

w<AE, (1I1.10)

where AE=AE'+A&. We shall elaborate upon this
later.

Let us now return to finding the solution of Eq.
(IIL.8); that is, the boundary of the kinematically
allowed region. It is clear that when E—a>>m, then
b%>ac and

—¢  2mE(E—&)—uté§
W ——= .
26 2(E— &) (E—|q|cosp)

(IIL.11)

We have approximated & and ¢ of Eq. (II1.9) by their
leading terms, assuming E—x>>m. Equation (IIT.11) is
the equation of an ellipse and except for the region
cosp~1 it gives to a high degree of accuracy the
boundary for the kinematically restricted region. For
E—x=~m, Eq. (I11.11) is no longer a good approximation
for the solution of Eq. (II1.8). To obtain the kinemati-
cally restricted region for cosgp~1 we need to solve the
quadratic exactly. Fortunately we can avoid this chore
by considering the experimental restriction w<AE.
Since we are interested in the allowed region of k, i.e.,
the intersection of the kinematically restricted and
experimentally restricted region, then, as shown in Fig. 5
whenever AE<w; we need not specifically know wy.
Therefore, in order that the approximate form of ws
(II1.11) be sufficient, we want the condition E—x>>m
should still obtain at AE=w, i.e.,

2mE(E—&)—u2é

1.1
2m(E— &) ( 2
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We rewrite this as'®
AEKL (124 2mE) 2m(E— &) [(Emax’— &),

where 8unax=22mE?/ (ut+2mE) is the maximum possible
value of &'. This says that if we get too near maximum
momentum transfer, the phase space available to the
emitted photon becomes more inhibitive than the experi-
mental restriction. In such an event the experiment in
no way discriminates between elastic and inelastic
processes.

Actually since the main contribution to the final-state
integration comes from small values of w, our results
aren’t too sensitive to errors in the shape of w; for
E—~x=~m. Hence, the range of validity of our results
will be wider than what is implied by Eq. (IT11.12). We
therefore take as the integration region for d%k the
shaded area of Fig. 5.

Let @ be the distance from the focus to the vertex of
the ellipse given by Eq. (IIL.11), i.e.,

2mE(E—8)~w8 Ty
WE—8)E~—\a|) 16mE(E—&)

(I11.13)

o=

We shall call those photons with energy w<o “soft
photons” and those with w>& “hard photons.” Then
doine1=do*-do”, where do® is the cross section arising
from the emission of soft photons and do* from hard
photons. By Eq. (IT1.6) we may write

do® b 1

AE
—_———— wdow
a8 2w 2m[q§2/:;

i dy 2T
X/ / Ade, (II1.14)
B-lq) (@0 —20E+ 20y 12 /o
where
2mE(E—&)—u2& To 2E®
g= = =——, (II1.15)
2w(E— &) 8mw(E—8) w

In deriving this result we have first written d%
=2mw’dwd(cosp) and then let y=FE— |q|cos¢. Strictly
speaking, Eq. (ITI.14) is not quite correct. It weights
photons of different energies equally. However, photons
with energy w>AE'— A&’ should be weighted less than
photons with energy w<AE'—A&. Specifically, one

F1c. 5. The phase space
available to the emitted photon
is represented by the shaded
area. The cross-hatched area
represents the soft photon
region.

15 Actually, if we solve Eq. (ITL8) for ¢ =0, we get wi = Emax’—&'.
Hence, when AE = &max’—8&' the kinematically restricted region is
wholly contained in the experimentally restricted region.



RADIATIVE CORRECTIONS TO x-e¢ SCATTERING

should include in the above integral the weight function
- g(w) given by
glw)y=1 for o<w<AE —AE
AE'+A8 —~w
Y

This can be seen from the following argument: All the
events corresponding to the points in the shaded area of
Fig. 4 have an equal likelihood of occurring. Let p be
any point in this area and let d be its distance to the
line E'+4- & =FE+m. Then if w, is the energy of the
photon produced in the event corresponding to p, we
must have w,=v2d. That is, all photons of energy w,
must come from an event represented by one of the
points on the line segment parallel to the line E'+ &
= E-+m, passing through p and contained within the
shaded area. Hence, the probability of having w, is
proportional to the length of this line segment. Thus,
g(w) above.

However, since the main contribution to the integral
comes from small w, and if we assume A§'<KAE’, we can
safely approximate the effect of g(w) by taking AE=AFE’.
That is, replacing the shaded area of Fig. 4 by the
parallelogram 4 BDC.

As we have already indicated, the error introduced by
relaxing condition (III.12) is negligible. Hence one can
expect (II1.14) to apply even when AE> S’ — &'
However, in such an event we first need modify (II1.14)
by replacing AE by &un.x— &', as can be seen from
footnote 15.

for AE —~8A' <w<AE'+AE.

A. Soft Photons

The region of k integration for soft photons is depicted
by the cross-hatched area in Fig. 5. It is the largest
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possible isotropic region. Since & (IIT.13) is smaller than
m/2 we can neglect k in the & function of Eq. (III.4),
and rewrite Eq. (IT1.2) as

I"ey"'g[ﬁ_u+“““ - E:]
piflpk Pk gk gk

Then if we compare Eq. (IT11.4) with Eq. (IL.8) it can
be seen that

do*=(a/7)daods, (I11.16)
where

kdk p P ¢ 47
[k2+)\2]1/2./ [ﬁ—p_?qu g k]

In order to avoid the infrared divergence which occurs
in the soft photon cross section, we have assumed a
small photon mass . We can write §, as

s=—0+ 2 el (pops),
a<b

(I11.17)

where we have anticipated the form of the infrared
terms by explicitly separating 8, given in Eq. (I1.27).
€so=1 and for a#b, esp= 2 according as p, and p; are
alike or unalike with respect to the attribute of being an
incoming or outgoing momentum. I(p,,ps) is now diver-
gentless and is given by

]( )= 1 @ k2dk (Papb)dﬂk LlK( )
Papv)= s TR ] )k T3 K (PasPv) .

The details for the evaluation of this integral are given
in Appendix D. The results are as follows:

I(p,p)=1+1In(m/2a), (IIL.18)
I{g,9)=In(E/&), (1I1.19)
I(p'p')=1n(8'/a), (111.20)
I(¢",¢")=W[(E— &)/&], (111.21)
I(p,p)=1In(8 /) In(28' /m)—% In*(m/28"), (111.22)
E 2E w?
I(p,g)=ln—In——1 It )~%<1><1— ) , (I11.23)
& u 2E 2mE
1(6.0) o8 2ETE) L 1 10(1) 1@(1 a ) (TTL.24)
b T T m ey T TN T e o) '
& 2AE—-§) & ’ E E-§&
I(p',q)=In— 1n—~—-—%<b<—)+%<b<1)—% In*—+% In—In
w I E E &
T, To 2m(E— &) 2m(E— 8')3u?
—%fb( )—}—%@( >+i 1n< ) 1n( ) , (1I1.25)
Amp*(E— &)/ 8m(E— &) 2 &2(u2—2m(E~— 8))?
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E 2E & E-2& E—¢&
I(p',¢)=In—In —%@(————)-{—%@(1)-{—% In P In P —3 ln2( )
@ . / ’

8/

Ty

’

SmAE(E—28') dmp2(E—28") 2mE T,
o )iof )=

Ty

> , (I11.26)
u? 4m &' (2mE— u?)

k1 E—§& o+« E E+ 87 a’+«
Ig,q)= [2 ln( > ln( )—% ln2< )—Hn( ) ln( )
2a I%) a' —x E—§& E-§& a’—«

E 8'(1—*‘71) 716/
+ln( )1n( )+<I>(1—— )——@(1
E—&. E—¢& E-¢&

where r1=(a'—«’)/2«’. 1t has consistently been our
policy to reduce the arguments of all Spence functions
so that their absolute value be less than unity. Equa-
tions (A52)-(ASS5) have been used to accomplish this.

B. Hard Photons

Before we can proceed to perform the integrations of
Eq. (IIT.14) for the hard photon cross section we must
first do the trace calculation of Eq. (IILS5) for 4. This
is quite complicated but nonetheless straightforward.
We list the result of this calculation as follows:

3
A=Y 4.9 ae{l,p,p0,q}?, (111.28)

=1 «

where

1\ 2
A q2<1)=<__) _
P2/ (g k)?

X[— Tot-dph(pei+apg—2p8)], (IIL.29)
1\2 w2
Ay <_~) 701, (II1.30)
ps2/ (g'k)?
1 2 ?32+2“2
Amxw=<——)-——————
ps*/ (g-k) (¢ k)
X[ To—2pk(ps*+4pg)], (IIL31)
1\24
Aq“):(—) “Lpur—patob)], (111.32)
p*/ gk
1\ 2
Aq/(1>=(~«> [ peps+ 2pg+2ut)],  (ITL33)
vt/ ¢k
A O =(1/p)U ps?—2m?] (I11.34)

1\2 m?
A= <__) [— T0—|—4qk(p32+4pq— 2Qk)
932 (Pk)2

+4p'k(u*—2pg+-2¢k)], (II1.35)

7’18/
E+ 8/7’1

_(1“5—’1)5/)_{_@(

. )—@((Hh)g)] . (IIL.27)

E+ 8/71

1 2 m2
A,,,zm=(;) L TerkCm—), (1L
3

142 2
Apy @ = (Q) -
g*/ (pk)(p'k)

XL(pp")[—Tot2gk(ps*+4pg— 2qk)]
- 47"2(‘]/3)2] ]

1422
4,0~ (=) ~CTo 2900+ om(2p0—)
9/ pk
—4gk(ps*+2m*+2pg— gk)
—2p/hut—2pg - 2g)], (TTL39)

1\2 2
Ay®= (_) -
gt/ Pk

X L= To—=ps*(ps*+6pg)+6m*(u?—2pq)

(111.37)

+2p%(2p5— P+ 6pg— 2pk—Agk)
+20k(3ps*+4pg—2qk+2m?)], (I11.39)
A4:®=(1/g;%)*
X 8[— ps?—4pg+2pk— p'k-+3gk], (IIL.40)
Apg®= ﬂ—[n—zp%w—zmﬂ, (IIT.41)
qs*ps* (pk)(gk)
Ay ®= ~—2—M—[T 0—2pk(2pg—u?)], (111.42)
g:*ps* (p'k)(¢'k)
Ay (2pg+ps)
g:*ps* (pk)(g'%)
X[—Tot2gk(ps*+u*4-2pg)], (I11.43)
Ay (2pg+ ps*—2pk)

g3’ ps? (p'R) (k)
X[ Tot+2pk(ps2+ 6pg—u2—2pk)], (II1.44)
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(-2
——[To+(4pg+n?) (4pg+ %)

A D=
gs’ps® (k)
— 4pk(ps*-+ut+6pg—2pk)
F2p'k(Apg—2pk—u?)], (IIL4S)
A, @ = I:( 2-25q--2 2)
7 0207 (TF) ps P20
X (ps2+2pq)+2pqut], (II1.46)
qg5°ps* (pk)
X L9+ 2m2)+ 2pq(ut+2pg-+ 4m?)
+2qk<p32—4m2>+4p'k<pq+m2>], (LIL.47)
Ay ® = [Pa"’(?s2+41>q+ 2m*)+8m*(pg)
gs*ps* (p'k)
—2pk(3ps>+6pq+ 2m*—4pk)
—2gk(ps2—2pk)], (I11.48)
4
A ®= [ ps?+8pg+4m?
g5"ps’
—6pk—2¢k+-2p'k], (II1.49)
where g3=ps—k=¢ —q¢.
As in the soft photon case we now write
do’=(a/m)dodn. (I11.50)
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It then follows from comparing Eq. (II1.14) with
Eq. (I1.9) that

3
=122 9.9 ae{l,p,p,q,¢'}2, (AILS1)
i=1 «
where
22 27
iy Y B
4rT, lal lq kl

These integrations are extremely complicated and re-
quire much care. They are evaluated in Appendix E
where the results are accurate only up to terms of order
unity. If we write

doinea= (a/m)dooSine, (I11.52)
then from Eqgs. (II1.51) and (I11.17)
Sinertor= L J(po,pr)
= +20 J(pa) =8mer’, (IIL.53)
where ’
J(paspr) = 23: I paps '+ €anl (Pa,ps) 5
= (IT1.54)

3
](Pa)z § gpa(i) .

That is, we have combined corresponding terms in the
hard and soft photon cross sections. We now list these
combined terms:

J(p,p)=1n(m/25), (I11.55)
J(g,9)=In(E/AE), (II1.56)
J(p'p")=In(8'/AE), (IT1.57)
J(¢',¢)=In[(E—&)/AE], (II1.58)
AE 2& 28 AE —AE (ps1)?
5 =200= n—t 1o )=t Ring-a{ = [ 1 [
& m m w & T
(ps2)? 4m?E(E—38)  miE? To—4m2E(E— &)  [4m2E2 AE
_[ f ’12‘]12“ I3— I4+[ —[i( 1) 1np:] In—, (II1.59)
. TO 3T0 To 4mp"’é" T() @
E 2E 2E AE P32+ 2mE) AE
J(p,9)=21In—1ln——% 1n2(—)-l—% 1n2—+®(1)+(1+—~———> Inp In——&®[ 1~ (u2/2mE)], (111.60)
AE 14 m Px) 0 @
AE 2E— &) 2(E— &)
J(p,g)=2 1n< ) ln( )—]—% lnz(—————>
E-& m m
AE ImE(ps2+u2— ImE AE 2
—3n——| 1+ mE(ps i~ 2m )] Inp In <1>(1)+q>(1——”——) , (I11.61)
o Ty & wm(E— &)
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AE-8) ps2(ut+6mE) 2E 48 E E\ /E—§
J@p 9= 21n——g—ln 2|:11L ]1n£ln—+¢(E> ti>(1)+§1n2<8>——ln( >ln(————)

" Y © g &
Ty Ty 2m(E— &) 2m(E— &)
+q>< >—c1>( )-g— In ln< > , (I11.62)
Amp(E— &) 8m2(E— §')? u? & [u2—2m(E— &) T
& 2B [ pﬁ(u2+ ImE) ] 2E & ) E—§ E—§ E-28

J(p',g)=2In—In—=2 Ing In—-&(1)— Cb( % In? +In In
P AR p p E-¢) T & & g
2mE
Ak

<4MM2(E 28 )) @(szE(E 2g/> (
o)== (E 5') () ) ) n(EFg,) ()

né (1+7r)& 8 A+r) &
+& (1—' )—-CP(I ) q’( > ( )] , (111.64)
E-& E—-& E+&n E+ &'

T,
dm & 2mE—u?)

+In

, (IIL.63)

1 In?

mE(E~— &) 202 (P mE)+-2mE(Q2mE— u?)
J (p)=—(ln—)|: + (lnp)[ H (111.65)
@ ué Ty
— 32 2 2 E 2 8/ 32 2 4 2E5/
Fpy= LA B 2 )zn{(p )+%]Iz— )
0 1] TO
mE?  AmEps —AENT (ps)? AE
T I:R ln£+®(—-):|— ~1—Ing), (ITL66)
0 0 & T, &
£=8/(8'+AE), R=21n(28/m)—In(AE/&)—In, p=u28'/2mE(E— &),
Li=(1—-8)(R+2)+£1ng, Ii=(1—-8)(RA-3)+ 8 Int+-(1—-H+3(1—8),

L=(1-)R+ D+ Ini+1-¢, L=1—)R+H)+Emi+1-H+3(1-)+3(1-8),
and all other quantities have already been defined. Finally, upon performing the required summation in Eq.
(II1.53), we get
28 AE & 28 mkE (E—- &) é”l" ) K+1 EFE-E) o+«
} 1n( ) In 1 ln< )]— In

Sinet =% In?——1 In*——21In—1In ) o
m & AR m  \2AE By L =gl @ (aBr a—v

E 28 2FE AL ps*(u42mE) dm2E?
—ln( )l:ln—————Z ln——-—]——[l—{—% Inp] In—+R 1ng—[1+———~—«]11—§12— I
E— 8/ m M @ 0 3T0

4ps*mE 2E (ps2)? AE E-& E-2&8 2m(E— &)
lnE[Z 1n———R] —(R—1—In§)+In In —11n2
15 T() g g, If'— 8/ “2

|

0

2m(E— &) 2m(E— &) 2mE (E—&)'T, &'+ 1|" E+&ry o+«
In( 1— )-{~ In ln[ jl— In: In

Am(2mE — p?) a L E a—x

+In-

ut u? p

E & (1+r) E 78 (1+r)& né& (14-7) &
+In In: 1 In2 -&f 1— )—<I> 1— >+<I> )——<I>< )]
E—-§ E-§& E-§& E--& E E+&'r, E+8'n

u u To T, &
+q>(1———————>-_q>(1— >+@ )—cp )+q>(—-)
2m(E—~ &) 2mE Amp2(E~— &) 8mA(E— &')? E

& dmu(E—28) 8m?E(E—2&") dmEps? AE
(Yo E) (EI  pen ay
E—¢& i Ty g To¥ &
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RADIATIVE CORRECTIONS TO

The latter group of terms bracketed by { } are all of
order unity. Moreover, their sum is also of order unity
and can safely be neglected. To be on the safe side we
shall keep them and in column 2 of Table I we list some
values of { }.

IV. RESULTS

The observable scattering cross section do is given by
do=doe}Fdoine. From Eqs. (I1.26) and (II1.52) we

therefore get
“57)
a8 a8

where 8=208;- 82+ 0inet’. [(a/7)d is called the radiative
correction] and 8, 8, dinel’ are given in Eqgs. (11.30),
(11.31), and (I11.67), respectively.

It can be seen from Eq. (IT1.67) that 6 contains a
term li=3% In?(28'/m). As we have already indicated in
the introduction, this worrisome term should always be
grouped with the second term of Eq. (II1.29), viz.,
ly=—1% In?(AE/®). By this we mean the following: In
attempting to trace the origin of /; we find that it comes
from J(p,p") [Eq. (I11.59)]. We further notice that
J(p,q) and J(p,¢") [Egs. (I11.60) and (II1.61)] also con-
tain terms like /;, but in summing, these terms have
cancelled. Moreover, all three equations contain /s, and
we see that terms like /; always appear together with
I;. To understand this better, consider the y itegrations
of cases 2(c), 3(a), and 3(c) of Appendix E. A moment’s
thought shows that the /; terms come directly from using
7 for the upper limit of these integrations. Had we used
2E instead of §7,1.e.,done an isotropic integration thereby
ignoring the kinematic restriction, the /3 term would be

do «
-8

™

(IV.1)

& 28
—2 In— In~——In
AFE  m

K+1 EE-E) o+«
In n

a (AE)? a—x
2 ln——~R:|

1n$|:
“

’ 7

& =11 2%__1 2AL

Ginel =3 1L n
m

mE
260AL

+1n

w

|

4pPmE 2E (ps1)? AE

Ty

0

2m(E 2m(E— &)

(E—
(AE)

R Ing—[144% Inp ] 1n-~——<

~(R—1~In)+In
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absent. Hence, terms like /; can be viewed as arising
from estimating the allowed photon region by the iso-
tropic, experimentally restricted region, and /; as the
correction to this overestimate when the kinematic con-
ditions are taken into account.

Summarizing, we can say that the /; term alone would
be present in a radiative correction, not so much because
of the improper handling of the experimental conditions,
but rather because of the inaccurate accounting of the
kinematic conditions, whenever such a distinction is
possible.

We have used the technique of infrared extraction
developed by Yennie et @l.'* in evaluating the two-
photon exchange diagrams. It is generally assumed that
after having made this extraction, what remains (é,)
contributes negligibly to 4. It is also generally assumed
that 8x defined by Eq. (I1.24) is likewise of order unity.
We have evaluated both 87, Eq. (C11) and éx, Eq.
(A45), and have found them to be substantially larger
than unity. However, 8s= 48,4 6x is of order unity.

In Table I we give some numerical results for the case
E=20 BeV, AE=(E— §')/20.

The radiative corrections (a/7)8, for w*-e scattering
can easily be derived from our present results. By count-
ing the number of single-meson corners per Feynman
diagram in Fig. 1 we see that only the sign of the con-
tribution from the two-photon exchange diagrams [(2),
(3), and (4)] gets changed. Similar considerations show
that for the inelastic case only the signs of the cross
terms get changed. Hence, we can write

§=81— 82+ binet (Iv.2)

where

§)¢

28 2E
|--ln———— 2 ln—:l

[1~21n }+ln
E-&l r—e&lL m i

(u4-2mE) ) 4m2E?

[,—I— 14

0
E— 2m(E— &)

& E-—2¢8

In

E—§&
T[) KI+1,_ E+ 6’71 a/+K/

u?

2mkE
i ]+m
u?

— é”)
ln[l—
2

5’(1—i—r1)

" u

7’18’

m(m(

)% In n
wmE—)(E-8&)) & L

o((1-
E—

E—& = E-¢&

2

g/
Ty

E a—«
(1‘]"7’1) g/ 718'
A
E+ 8/71

)_@<1_

o)

2m(E— &)
amp(E—28)
q>(wm

T

o
2mE dmu(E—

)+

: ) +(ven)]
yrol5)-+(:=3)

E—8&
amEps AE
:I«p(——)} . av3)
Ty &

)
)/ \emi(E—8):

8mAE(E—28')
I
T
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TaBLE I. Some numerical results for £=20 BeV and AE=(E—¢')/20.

1 2 3 4 5 6 7 8
& (104 MeV) { ) &b b Binet® (a/m)8(%)° Sinol’d (a/m)8(%)°
0.1 0.477 14.847 —2.110 —10.617 0.49 —8.470 1.97
0.2 —0.075 16.383 —2.787 —16.291 —0.63 —15.642 0.82
0.3 —0.383 17.295 —3.220 —21.046 —1.62 —21.560 —0.24
0.4 —0.614 17.951 —3.347 —25.253 —2.52 —27.086 —1.30
0.5 —0.816 18.467 —3.783 —29.303 —3.39 —32.561 —2.39
0.6 —1.009 18.894 —3.959 —33.439 —4.29 —38.250 —3.58
0.7 —1.195 19.260 —4,085 —37.971 —5.29 —44.491 —191
0.8 —1.419 19.581 —4.157 —43.557 —6.53 —~51.921 —6.55
0.9 —1.732 19.867 —4,193 —52.309 —8.52 —62.478 —8.92

a In this column we have listed the bracketed terms of Eq. (111.67).

b 51, 82 and dinel’ (columns 3, 4, 5) are given by Eqs. (11.30), (11.31), and (111.67), respectively.

e Eﬂt/w)é = (a/m) (81 +82 +dinel’) is the radiative correction for = ~-e scattering.

d 8inel’ is given by Eq. (IV.3).

© (a/7)8 = (a/x) (81 —82 +dinet’) is the radiative correction for =*-¢ scattering.

We have listed some numerical results for 8. and §
in the last two columns of Table 1.1
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APPENDIX A: INTEGRATIONS

In this section we outline the techniques for perform-
ing the integrations occurring in the elastic cross section.
The methods employed are essentially the same as those
used by Brown and Feynman.!” Those integrals which
suffer an ultraviolet divergence are handled by append-
ing to the integrand the regulator A%/(k2+A?%) which is
ultimately to be considered in the limit of A~ . And,
as has already been indicated, a small fictitious mass A
is assigned to the photon in order to take care of the
infrared divergence. We ultimately take the limit A — 0.

All the integrals in this section have denominators
which are a product of various factors of the form
(B2—2p,-k+A,). We can combine such factors by
making use of the relations!®

1 1 dy
LN
AB Jo [Ay+B(1—y)
1 1 2yd
I . A (A2)
B Jy [Ay+B(1—y) P
1 ' 3y*dy
A8 Jo [Ay+B(1—p)]¢ (A3)

In this manner we can reduce all the integrals in this

P, B. Allen and M. M. Sternheim, Brookhaven Internal
Report, BNL 7588, 1963 (unpublished), have checked numerically
the accuracy of some of the approximations employed in
Appendix E.

¥ L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952).

18 R. P. Feynman, Phys. Rev. 76, 769 (1949).

section to a form where the d*k part of the integration
is simply given by one of the following:

8 k) (1)
(2n)? / [F—2pk+AF #—A
i [ AL B k)
(2@2/ [k2—2pk+ AT
(8 s [ g9 2)/2]
- (p*—A) '

) (Ad)

(A5)

A, Two-Denominator Integrals

The following is a complete list of the two-denomina-
tor integrals arising in our calculation:

i / (15 k,)d*%
@mr) (—2gk)(k2—2q'k)

L(O;v) ) —

. / (1; k)t
O e ) e 2phye—2pe)

P i /‘ d*k
@) BE—20k)°

1 d*k
re ,
(2m)2 J (k— pa)*(k2—2pk)

i '
R= .
(2m)? / Rk~ pa)?

The method for evaluating these integrals is not very
different than the method described in Ref. 17, Ap-
pendix Y(a). We therefore simply state the results.

Lo =[In(m?/A") —14+5(p+p")2u(p,$")], (A6)
Lo =1[In(u2/A%) —14+30%(g,¢)], (A7)
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L = (p+#)[In(mt/37)~3

+3(p+p)u(pp)], (A8)

L, =30,[In(u?/A%) ~54+30%(g,9)], (A9)
P=P'=1In(m?/A?)—1], (A10)
R=%[In(ps2/A%)—1]. (A11)

B. Three-Denominator Integrals

We shall need to know the following three-denomina-
tor integrals:

pPS, 00 = / (psk)d*k ,
(@m)* ) (k2 2qk)* (2~ 20'k)
S, m = / (psk)d*k |
(@m)2 ] (k=2 (2~ 24')
K 0@ = / (1; k)d*% |
(2m)2 ) (R2—2qk)(R%*—2q'k) (R*+\?)
K vy ™ = / (1; ko; kko)d'R |
(2m)* J (B —2pR)(R*—2p'k) (F*+-\?)
Gty ¥ = / (1; k)d% |
2 ) B2k po)*(k*—2q'-F)
Gom™= ' / (1; k,)d*% .
(2m)2 S E(k— po)2(k2—2pk)

Again we simply list the results.

PS5, W =3[30%(g,¢)—2], (A12)
P58, ™ =3[2—3(p+p)u(p,0")], (A13)
Ko®W=K(q,9)/8(g-¢), (A14)
Ko™ =K(p,p")/8(p- "), (A15)
K, 9=30mg.), (A16)
K, =3(p+p")u(p,p'), (A17)
Irpapsl  (p+p)? }
I{yv(m)z" 1—' ) !
SI: ?32 l_ 4 M(PP)
P+ )(p 2",
+——;—~“—H(?,P')

m2
+%gw[lnﬁ—%+%(P+P')2M(P,P')]:| , (A18)

4

K
p32G0(”)=——“[1n2K/ In:
4q’'

o —x
d,—l"K/
+®(a’— ") —B(— (a’—!—x’))——vr?:] , (A19)
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K

a—«
P3G = —|:ln2:< In—+®(a—x)
a+«

4a
—®(—a—«) —7r2] , (A20)
K,
5°G, W =*,+—2[q/ (p5°Go™ =5 In2«')
K
+952u*GeW -5 In2¢) ], (A21)
K
PG, = :5[?»(?32&)("’)4'% In2«)
K
1 po (2m2Go™ —1 In20)], (A22)

where @ is the Spence function defined in Eq. (A49).

C. Four-Denominator Integrals

The only four-denominator integrals appearing in our
calculation are

T oy = i / (1; by Bk )dE |
2 ) (2—2pk) (2—2¢ R (k= p)*

J v / (1; &, kE)dE |
2m)2 ) (2= 2pk) (B2+2gR) 2 (h— po)?

We shall leave the evaluation of the scalar functions,
Toand f o, for later and consider first the tensor functions.
We shall show that it is possible, by means of an alge-
braic technique given in Ref. 17, to reduce them to a
combination of integrals of a lower tensor order. Let
P& =ps.

PV=p, pP=¢,

Then we write
3
=3 ap®, (A23)

i=1

where the a; are scalar functions of the p® and are to
be determined. That this expansion is correct follows
from the following argument: The $ span is a three-
dimensional subspace. Let P be a vector in the direction
perpendicular to this subspace. Then to evaluate the
P component of I, we must restrict the region of inte-
gration to & along P. The integrand then becomes an
odd function of 2 and must vanish upon being integrated.

Define

7 (1;k,)d*
F(O;v) = / 3 (A24)
(2m)* ) (k*—2pk) (B*—2q - k) (k— p3)*
1 (1;k,)d%
H g = / . (A25)
(2r)? (R*—2pk)(k?—24 - k)R>
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Then it is evident that
fi=p" L=5(F—Go™),
fr=q" I,=5(Fo—Go™),
fa=p2l,=3(Fo—~Hot+pstl0)

where Go® and G¢ are three-denominator integrals,
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already defined. It then follows from Eq. (A23) that

3
=3 Aylf;,

(A26)
7=1
where —m?  pg  ips
o g 3Ps
Ayj=(pDpV)= [ pq  —ul %Pﬁ]
30 3pt pi

and A™!is defined by the condition that A~*A=1. It can be shown that

@398 Q2(pg)—3p5) — (W +pq’)
A‘1=~5 2pg)—3ps)  Qm+4ps) — (m*+pq’) ;
—Wtpg) = (mtpg) Qe (g ) —mut]
where €1s to be obtained from the condition I,*= F, which gives
D=2[m*u— (pg)* I+ 3ps2(m*+u2+2pq'). (A27) e=F—Y Bu. (A34)
k
Then Eq. (A26) for i=1, 2 gives
\ Ao The integral I, contains an infrared divergence. I,
o= (1/2D)[(w*+pq)(ps*] o—2Ho) however, appears in our calculation only in the combina-
+Q2ut+3p2)Go W+ (2pg —3p)Go™ ], (A28)  tion ps2l,—2H, which is divergentless. By Eq. (A30)
, we write
ar=(1/2D)[(m*+pq') (ps*Lo—2H ) i d*k(2psk—2k2)
+ 2m2+3p)Go ™+ (2pg — 559G ], (A29 Ho—2Ho= / .
(2m*4-3p?)Go ™+ (2p —3p51)Go @], (A29)  ps’lo—2H, 27 | (k) (P2 B ()

We have not listed a3 because it isn’t needed in the
calculation. We have made use of the result that

F0:H0. (A30)

To see this, first let 2 —> k45 in Fo [Eq. (A24)]; this
shows that Fy is the same scalar function of ’ and ¢ as
H,is of p and ¢’. However, $?, p¢/, and ¢’? are the only
scalars we can form from p and ¢’ and these are invarient
to the substitution p — p’, ¢ — ¢. Q. E. D.
Let us now apply the same procedure to 7,,. We
may write
th:aijpv(i)ﬁu(j)‘*“fgw, (A31)
where «,; and e are scalar functions of the p®. Let
[ O=pel,,=5F,~G,W),
f”(Z) = gllfjﬂz %(F,—G,,(m)) )
fv(g) = Piidla'v: %(Fv—' Hv+?3217) .
We now further expand
£, =Byp, D,

where we suppose the 8;; to be given and we wish to
solve for a;; and e. Multiplying Eq. (A31) by p,®p,™
and contracting on » and u we get

@B rilmit €Dim ™= Bmidri,

(A32)

which gives

3
= 2 A [ Bri—ebril. (A33)
pa]

It is this integral we now propose to evaluate. Using
Eqgs. (A1)-(A3), (AS) we get

1 s
pstlo—2H,= ——/ / xdxdy
2J0 Jo

Va(zpt— 20, papa)dz
e
where p,=xp,+(1—2x)ps, A,=p;2(1—x), and
pv=ypt+(1~2).
We do the z integration as follows:
V3(2ps2— 24,5+ pspa)dz
|
zdz

t A A) ! 2dz
_ﬁ szz_Ax P3?a: z/; (z?xQ—-Ax)?’

1 Pa;z"PSPx P3Pz Az_PZZ
e
P:«:2 sz"‘Az‘ (p12)2 A;
1 / 2py2x—-p82 )
B 2py2x\py2x2+p32 (1—x)
N pa*(2—x) In[ —p, %%/ ps* (1 — =) ]
I

(A35)
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In the last step we have used the relations
p= b p(1—),
pa pa=3p2(2—2),
by py= %P32 .
We can therefore write

1 1
P3210—2H0= —;/ dy(I+II),
0

where
/ (2p,fx— psPldx Py
- Pt pt(—x) pp et
ps*2(2—x) In[ — p, 2%/ ps?(1—x) ]
II= / dx
0 (o %+ p?(1—x) )
dt Int

- __/ (-1

In II we have made the change of variable to
t=— P22/ ps2(1—x). The last step is gotten by letting
t— 1/t, then IT — —1II and must therefore be zero. In
both I and II we have ignored the imaginary contribu-
tions from the pole at xo, where p,2x?+ ps2(1—xp)=0.
This, however, introduces no error in I+-1II, since the
residue of the sum of the integrands of I411, which is
given by

y 2pd , pyra(2—x) i In¢
e il w1
is equal to
lim l:
x>0
Therefore,
1 P
p32lo—2H0~—~[ ~——1n
Pu P3

_Py2x2_*;P32(1_x):I_
1—x B

(A36)

From Eq. (A35) we get

d? =)y +q (p—H 7P }
—1}, (A37
(1’—9’)21[ d ] (a3

py2:

where
&= (pg')*—m*u*>0.
Since p, is the sum of two timelike vectors, it too must

be timelike, i.e., $,°<0. We then have the following
two cases:

Case a. (p—¢")?<0. It then follows from Eq. (A37)
that

=)y +q (p—¢)
- >1.

cothb=[(p—q)y+¢ (p—¢)]/d.

So let
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Then
—d* csch?d

1
pilo— 2Hy=— / ln[——————]de . (A38)
4dJ. Lp—¢)rpd
where
g (p—q" w+2pq’
a= coth“l[-—j]z—% ln[ J ,
d u

[p(;b—qﬁ] [ 4(pq')* ]
b= coth™! ~Ln| ————— |,
d m?(u2-+-2pq")

We do the 8 integration by letting i=¢7%, i.e.,

b b
/ In(csch)?dé= —2/ In(sinh#)de

e=2b

=/ —In(1—1)—In2—

¢

11Int],

and there results

oty 2Hom (b—a)1 4 )
pslo— 0_4d|: a n((p—q’)2p32
+a?—B2+-d(e29) ——<I>(e“2”):| , (A39)

where ®(x) is the Spence function defined in Eq.
(A49). If we use exact values for ¢ and & then this ex-
pression is exact. The approximate expressions for a
and & come from neglecting m/u compared with unity
and neglecting unity compared to —p-¢'/myu, ie.,
—p-¢'/mu>1>m/u. Applying this approximation to
Lr
P32]0—2H0—'—‘ ln(

Eq. (A39) we get
—2P9'> (“‘Pﬂ')
In
4pq’L muy, MK
2+2 g 2:
+& (l—l——P-q—)—- (-———(lu peom ):] (A40)
u? (2pq'
Case b. (p—¢')*>0. By Eq. (A37) we can let
tanh="[(p—¢)*y+¢ (p—¢)]/d.
This leads to

1 402
pstlo—2H = —[ ' —a") ]n(______)+a/2_ b2
4d (-9

(- -w')—@(—e—w)],

where
a¢'=tanh~'[¢'(p~¢)/d],
b'=tanh~[p(p—¢)/d].

Making the same approximations as in case ¢ we obtain
again Eq. (A38),
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Fic. 6. Path of integration for

C Cs f2 C N A
I 2 the evaluation of p2lo—2H,.

o] n !
Ca

Instead of Jo, the integral pertinent to our calculation
is ps2l,—2H,, where

&'k

_ / . (A41)
@m)t ) (k*—2pk) (k*+2qk) R

A,

It is clear that all the arguments used to derive Eq.
(A36) apply equally well to ps?fo—2H,. Hence,

oo lrtody B
P32I()—2H0:_“/ ln !

4]y ppvis | pg

,  (A42)

where now
by=py—q(1—y)
and we have carried along the small negative imaginary

additions to m and u, producing the term -6 in the
denominator. We write

b=/ (p+9*I[h(y)*—-1],
where d2= (pg)?—m2u? and
h(y) =L+ —qp+9)1/d.

It is no longer true that $,2<0, in fact it is quite clear
that $,? has two roots in the interval (0,1). Let 7; and 72
be these roots and let #1<#2. Then

D= (p+)*y—r)(y—r2)
re—ri=—2d/(p+q)%.

We can break up the integration region into five parts
as shown in Fig. 6. The contours ¢; and ¢, are so chosen
as to give p,2 an imaginary part greater than zero. We
first do the integration for regions c¢i, ¢s, ¢5. In ¢; and
cs, | B(y)| >1s0let cothf=k(y), whereas in ¢;, [A(y)| <1
so let

and

tanhf= h(y).
Then
1 r1—8 ro—d 1 d ﬁ 2
Ll
4L/ r1+4-d ro+d py? p32

1 8 r—d?csch2 ©
=—.[/ ln[———~]d0+/ ln(coth0)2d0:| ,
4dlJ g (p+9)7pd —

where
d=coth™'[—q(p-+¢q)/dJ~% In[1— (2pq/u?)],
b=coth™[p(p+q)/d 1% In[m2(u2—2pg)/ (2pg)7] .

The first integral on the right is essentially the same as
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Eq. (A38). It is therefore equal to Eq. (A39) with
¢’ — —g¢. The second integral

/ In(cothd)?df= —2/ [ln(tanha)dﬂ:\dﬁ,

I Inx
-1 1—.'X$2

The integration for ¢; is done by letting y=7r;— ¢~ then

Lrdy 9
T n—

4 pyz 1532

_ i /Tln[ (P-I—q)z(fr—f’z)ﬁe“}da’
4(g+p)2(ri—r2) Jo P

7['2

8ot 0 (ri—r»)

For ¢4 let y=r,+ 5ei<"—’”).AThen the contribution from
¢z and ¢4 together is (1/4d)(x%/2). Upon combining all
the contributions we arrive at

4+ (imaginary part).

S S o —4d
p32lo—2H0=—A[ (b—a) ln(—~—~)
4q (p+q)?ps

+q>(e~23)—cp(e—23)+d2—z32+7r2] . (A43)

If we now make the high-energy approximation, i.e.,

—pg/mu>1>m/u,
we get
1 —2pg — 29
32f0—2H0=—[1n AN q+c1>(” ? q)
4pq an MUK u?
Y] 2_2
_@(M)_,ﬂ], (Add)
(2pq)*

Comparing Eq. (A44) with Eq. (A40) we see that the
interchange ¢ <> —¢’ in Eq. (A40) produces Eq. (A44).
This interchange leads to a term (In—1)? which corre-
sponds exactly to the —? term in Eq. (A44) if we keep
only the real part.

D. Miscellaneous Integrals

We have given the results of some of the previous inte-
grations in terms of the functions K(p.,ps) and pu(pa,ps)
defined in Egs. (I1.10), (I1.11), respectively. K{(pa,ps)
contains the infrared divergence and completely cancels
out in our calculation. We will, however, be interested
in K(P: —9), K(P’: *Q'); in terms of K(P;Q)7 K(PI;QI)
[cf., Eq. (I1.24)7]. Comparing Eq. (A36) with Eq. (I1.10)
we readily see that K(p, —¢q)/4(pg) can be obtained
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from Eq. (A44) by the substitution k — X2/ 2m?. Further-
more, the substitution k¥ — N\2/2m? and ¢’ — ¢ carries
Eq. (A39) into —K(p,9)/4(pq). We can therefore write

ReK(p, —9)=K(p,9)+%0.,
where

2__2 2 2
6K=2[¢((# 1’9))_@(# + ?q)
u u?

_(I)(mw—2pq>)+q)<m2(m+2pq>)_w2]. (Ad5)
(2p9)? (2pg

It is easy to see that K(p',¢")=K(p,q) and K(p', —¢')
=K(p, —q). This follows directly from Eq. (A30) and
the analogous relation Fy=H,. Alternatively, it can be
seen by examining the p,? terms entering each side of
the equality: They are equal. Hence,

RCI:K(P, '—QH“K(P'; —ql)]

=K(p,g)+K(@',¢)+8. (Ad6)
We next evaluate u(pa,ps)-
1 dy
#(pape) =
/0 Py2
and p,=py+ps(1—y). We may write p,2=(po—p;)?
X (y+r1)(y-+r2), where
11.2=[po(pa—pp)Ed]/ (pa—p)*
and
d*= (paps)*—ma*my*. (A47)

It can then be show that
( ) (1+1’1)72

W(po,pp)=——In—"—
pope)=—7.1 Y fron

1 n [(papb)—d

=——Inf —}. (A48
2d (Pa?b)"{"'d] ( )

E. Spence Function
The Spence function®® ®(x) is defined by

@(x):—/deu.

u

(A49)

The following is a list of relations for the Spence function
which enter this problem. The derivation of those rela-
tions together with a numerical tabulation of ®(x) are
given in Ref. 19,

B(1)=%x2, (AS0)
B(—1)=—&n?, (A51)

1 K, Mitchell, Phil. Mag. 40, 351 (1949).
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®(x)+P(1/x)=22(1)—% In2x; (x>0)

®(x) -+ 2(1/2) = 20(— 1) —§ In*(—x);
(x<0) (AS3)

&(x)+P(1—2x)=d(1)—Inx In(1—x);
(0<x<1) (AS4)

(A55)

(A52)

S(1—1/x)+P(1—x)=—% In%v.
APPENDIX B: ULTRAVIOLET INTEGRALS

In this section we give the details for the evaluation
of those matrix elements which suffer an ultraviolet
divergence. The usual renormalization techniques are
used. We will illustrate these techniques for “scalar”
electrodynamics and more or less quote the results for
“spinor” electrodynamics, since the latter case is well
known and can be readily found in the literature.®

A. Meson Vertex Function

¢* corrections to the single-meson corner are shown in
Fig. 7. That is, for any diagram containing a single-
meson corner (say M;) some of its corrections (Ms.10)

'
1
]

¢

(

q

O ~=——-

Fic. 7. Scalar vertex diagrams. C}""‘
1

]
iq

(a) )

_
g

can be gotten by simply replacing (¢+¢'), of that corner
by (a/27) (A, 4A, D4 A,9), where from the rules of
correspondence we get

P f (29— k) (2 —F) (g g~ 2k,)d*k
Teer)  r2p e
&4 (¢ —k)d%

b

A= , (B1)
@r)2 /) (B—2¢k)F
47 2q,—k,)d*

g (2q,— k) k
@2n)2 /) (B2—2g-k)k?

If we let

A=A @ LA B LA (0

—% N Wik
~ / (B2)
@r2 ) (k—2¢-k)(B—2¢'k)R’

then

N, =4(q¢")Q,—8(gq )k, —2(Q £)Q,+8(g- k)g,
+8(q - k)g,+2k2k,— 3k2Q, .
We can therefore write
A, =—2{4(gq") K:*Q,
—8(gg" K, —2(Q°K . ¥)Q,+8(¢°K,)g,’

— S(QI”K.;(")>QV+ ZL,,(") —_— 3L0(")Qv} s (B3)
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here
) (1; k,)d*k
K (0,0 = / ) (B4)
@my2 ) (k2—2qk)(k*—2¢'k)k?
(1; k,)d*k

L™= / . (B5)
@m)2 ) (BP—2qk)(B2—2¢'k) (R24-A%)

We have included the regulator A2/(k2+A?) in Eq. (B5)
which is to be considered in the limit of A2 —co. These
integrals are evaluated by means of the usual Feynman'®
technique of combining denominators, and the results
are given in Eqs. (A7), (A9), (A14), and (A16).

Upon substituting these results into Eq. (B3) we get

4, (g,q)= —Q»[K (9,90 —2(aq" (g,

A2 5
—Hn——+~:|. (B6)
w4
In addition to the infrared divergence contained in
K(q,q") we have as expected the logarithmically diver-
gent term In(A%/u?®); where A?—<o. This is the ultra-
violet divergence. The prescription for its removal is
to subtract

AW (q,0)+A,9 (¢ )]
2

= K(g,q)—2+1 > (B7)
~—Qu|: 09— +n’;——ﬂ.

Since K(g,g) is a constant, this is tantamount to a re-
definition of the meson charge e; hence a charge re-
normalization. We obtain for the finite vertex function

Ap, @ =—Q[K(g,¢)—K(g.,9)—2(99)u(g,¢)+2]. (BS)

We will now show that charge renormalization is in
fact a “spurious” charge renormalization; i.e., the
infinite term, Eq. (B7), is completely cancelled by a
corresponding term from the self-energy diagrams. So
consider the meson self-energy diagrams Myi_yq. It is
clear that the infinities arising from the balloon dia-
grams, M1; and M4, are completely removed by mass
renormalization, since these terms are proportional to
J d*/k?* and don’t contain external momenta as vari-
ables. Hence all we need consider is M3 and My,. From
the rules of correspondence we have

a E(q’)
1n=- 1,
2m ¢/t
a Z(g)
127 1,
27 ¢*+u?
dk(2g—k)*

v( - — 2%
= "(Wf L (q— k) +ut]

(B9)

where

(B10)
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We can expand (the regulated) 2(g) as follows:
2(g)=A+B(g*+ )+ (g*+u?)Zr,

where 4 and B are “infinite”” constants and Zr is finite.
4 can be removed by a redefinition of mass and B by a
redefinition of charge. Using the same arguments as are
used in the electron self-energy case, it can be shown
that

(B11)

2(g)—4
(]2+M2
and therefore after mass renormalization we get

M11+M12= (a/27r)BM1 .

=15,

q2=_“2

To prove that we have a “spurious” charge renormaliza-
tion we need show that

QVB = - %[Av(”) (Q:Q) +A,.(“) (ql>ql)] *

Differentiating Eq. (B10) with respect to ¢* we get

(B12)

62(q)_4 -—21,"‘ 4(2g,—k,)d*k
ag _(27r>2|_/ k(K —2gk)
(2g—k)*(g—ky)d'k
-2 =—A,® ).
/ K (ko — 2gk)? } L2(gg)

But from Eq. (B11) we have

a2(q)/d¢=12¢,B
Hence Eq. (B12) follows.

B. Electron Vertex Function

If in M, we replace v, by (a/27)A,"™, where

2% N, md'k
Ao — / (B13)
(2m2 ) (B—2pk)(B—2p'k)k?
and
N, =ye[i(p'—Rk)—m Iy [i(p—k)—mTy,, (B14)

we get M. It can be show that

A (p,p") = “”[K (p,0")— (Gp+2pp )ulp,p")

m?

7 m
Lo |+—u(p,p)psms]. (B1S
i )] (B15)

To remove the ultraviolet divergence we subtract
A, (p,p) and result with the finite expression

Ap, = —~,[K(p,p")—K(p,p)
— (&P 209 u(p,p))+2]+HAA,

A = (m/4)u(p,p') (Dsxs—"1.P3) -

(B16)
where
(B17)
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¥Fr16. 8. Scalar vacuum
polarization diagrams. Mo’ 2 v

(a) (b)

A, gives rise to the anomalous magnetic moment and
is negligible in our calculation ?
C. Meson Vacuum Polarization

The €* corrections to the photon propagator arising
from “scalar” electrodynamics are depicted in Fig. 8.
It will become apparent that since diagram (b) is inde-
pendent of % it contributes nothing and can therefore
be ignored. So if

-2 (2¢—k)s (24— k),d%G
@m? ) @+ @—rr4u]’

then the corrections represented by diagram (a) can
be obtained by simply substituting in the photon

propagator
8o — (o/2m)[11,, (k) /R ]. (B19)

By employing the conditions of relativistic and gauge
invariance it can be formally shown that?!

(koky— g,,,,kz)Hp e (k)
3k

I1,,® = (B18)

I, ® (k) = — (B20)

and
II,®e(0)=0. (B21)

This last condition is clearly not satisfied, since Eq.
(B18) gives
(29)%d'q
Hp(#)ﬂ(o): [— ,
@+

which is quadratically divergent. We therefore redefine

I, e (k) = ‘Zil"/ (2q—ky'a'g
’ @rrl) @4+ @—Rrru]

(2074
@+

whichsatisfies Eq. (B21) and is logarithmically divergent.
It is because of this subtraction that diagram (b) of
Fig. 8 contributes nothing. We can now write

(3L, 2(8) = A+ 9 (89

where 4 is an infinite constant independent of & and
II7™(k?) is finite and goes to zero with k. We then sub-
tract A and we have from Eq. (B20)

1L, W (k) = — (koky— gok?) L p W (R2) . (B23)

The term proportional to k., contributes nothing, since

—2i
(2m)?

] ., (B22)

20 Cf., Eq. (6) of Ref. 6, and subsequent discussion.
2 Cf., Sec. 9-5 of Ref. 8, for example.
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it is either contracted with y* and employing the & func-
tion it gives rise to p,=0, or it is contracted with Q° and
employing the § function it leads to (¢+¢")(g—¢")=0.
Hence we may write

IL,, (k) = gouk? 1L (k?) (B24)
and the substitution of Eq. (B19) becomes
v — (a/z'"')ngF(“)(kZ) . (BZS)

We now return to the evaluation Hp®¥(ps2). If in
Eq. (B22) we let k=p; and §=1—g¢q, we get

Hp(“)”(ﬁs) — 2[p32L0(u) _4P3vL”(u)+8M2P3cSﬂ(M)] ,
where L., are defined in Eq. (B5) and
i l,d4
Sy () = f .
@2n)2J (=-2g*(—21g")
From Eqgs. (A7) ,(A9), and (A12)

(B26)

ir A
(3910, (p) =] o=t}
3L u

@ T N O
g ’ l +——[1ﬂ—‘ ’ ,)]]
Hed) Py Al
and hence
2 4 2

0 4
Hp<")(1>§)=-l%u(q,q’)— n [1—Zu(q,q')]—§~ (B27)

3pst

This can be rewritten in a more calculable form by using
Eq. (A48);

K422 o'+ 4
I ® (ps?) = ———— In——————.  (B28)
6a’s’ a—x 9 3¢
D. Electron Vacuum Polarization
For this case
—2 [ & PTr{ve(ip—m)v,(i(p—k)—m)
I, = / ? {A G )A o } (B29)
(2m)? (PP+mAL(p—k)*+m*]

After imposing the requirement of Eq. (B21) we have
-2 pr4-2m2—p-k

I (k)= t/[ : (® m b-k)

@2rp J L@*+m?)[(p—k)+m*]

e
—“*T—‘——]d4p. (B30)
(P2+m2)2
It can be shown that
I (—ps) 4 m 1 (p+p')? )
_._._:{ln___ u(p,p')
3p2 3L A 2

+(2m2/p32>(1—%<p+p'>2u<p,p'>)]
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and finally

Ir(ps) =5(p+0")Vu(p,p)
+@2m?/ p:?) 1= (p+ ') u(p.£)1—(10/9).

APPENDIX C: TWO-PHOTON
EXCHANGE CALCULATION

The contributions to the cross section arising from the
two-photon exchange diagrams, Ms, M;, and M,, are
derived in this appendix. In Sec. II it is shown how
we can extract from J, and J3; [Eqgs. (I1.16), (I1.17)]
their infrared parts. What remains is divergentless and
is called Jo* and J3° respectively [cf., Egs. (I1.20),
(I1.22)]. It is the cross section dos; arising from
JO0=J - J%4 T, that we wish to calculate here. By
taking account of the appearance of J? between the
spinors #(p’) and #(p), it is possible to express all slashed
quantities in J° in terms of Q(say). We can therefore
write

JO=(a/m)(4+QB), (CD)
where 4 and B contain no y matrices, from which we get
2 MM, .

p Tt (ip—m)Q(ip'—m)Q]
It then follows that

doy=(a/7)doods,

| = s,
spins

(C2)
where

87=2ps* Re{B+[2im(p-Q)A/To]}. (C3)

We now proceed to obtain expressions for 4 and B.
By expanding the numerator of the integrand of J3,
Eq. (I1.17), we can show that

T = (—a/m){4Q(pg ) o—2[2(p¢ )y +Qp+Ov'e I,
+2Lvp*+0guw(1—(4pq /) Mw—vE}, (C4)

where
(1; ky; kuk,)d*k

1
I o500 = / (CS)
@2n)2 ) (B2—2pk)(B2—2q" - k) (k— p3)*k?
an
1 (1; k,)d*
F(O)y) = / .
(2n) S (B—2pk) (B —2¢ k) (k—p3)*
To obtain Eq. (B4) we have made use of:
I,=1,

T == (a/m)(8(pa")/ 1 QT
where J3=J30- TN

(Co)

and

JOSEPH KAHANE

Making use of the results of Appendix A, Sec. C, we
get
v I, =ima;+(Q/2)az,
pL=5(Hi~GoW),
Orq'L=2im(u*+pq )
+ QL(m*+2p Jou— pPast(ps/2)as ]
a1, as, as are defined by
L=ayp,+asg/+asps,.

Furthermore, if we let F,=uip,+ng/+Fnsps and
G,W=g,¥g, -+ g ps,, then it is possible to show that

VL= (im) 2)m+(Q/4) (ne— 1) .
Substituting all this into (C4) gives

J 0= (o/m) {4im(u~+2pq Jou

—QLL4(pq)/ 5" J(ps*Lo—2H,)

+2Go™ —2u+2pg o~ ¥}, (CT)
where we have eliminated «; and a3 in the coefficient of
Q by means of the relation Aje;=f;. This relation
follows from Eq. (A26) where the quantities A;; and
f: are defined.

It is easy to see that J5° can be obtained from J3° by

an interchange g <> —¢’. We therefore have

T2 (o/m) {dim(u*—2pq) 1~ QL(4pg/ ps®) (p:*Lo— 2Hy)
—2G"™+2(u—2pg)Ge 3]}, (C8)
where the “hooded” quantities are to be obtained from
the same “unhooded” quantities by the interchange
g —q.
From Eq. (I1.18) we can immediately write

Ji=(o/m){4imG"™+4y'G, ™}
or by Eq. (A22)

Jo=(o/m){&im[Go ™ +g:™ ]} (C9)

where
g1 =[k/(k+2) ) Go"™ (1 /4xm?) In2x].
Collecting terms from Egs. (C7)-(C9) we get

A=4im[ (p*+2p¢ Yor+ (u*—2pg)d1-+Go' 1™ ],
— B=(4pq'/ps*) (psTo—2H o)+ (4pq/ ps») (ps2Lo— 2H,)
—2(u*+2pq Jar+2(u*—2pg)de.

a; and a, are evaluated and listed in Egs. (A28) and
(A29). We have already mentioned that &; and &; can
then be obtained from a; and «s. Hence, after some
straightforward but nonetheless tedious algebraic ma-
nipulations, it can be shown that Eq. (C3) yields

87=—4{[p#Go™4-2p¢ (p2To— 2Ho) I1+(p2 (24 25¢")/ To) - [p5Go™ — 2pq(psfo—2H ) ]

200)(PE+2PG® 4 (pQ)p? (Go™+5:™)

X[+ (p2 2 —2pg)/To) 1+

} . (C10)
To T,
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We have made use of the easily derivable result

B995

D=D= (m2/2)(p?+4u?)—1 T,

where D is defined in Eq. (A27).

Equation (C10) is exact. If we now neglect terms of order m/ 8" compared with unity we get

2 2+2 ! 2 Ng. 2_2 ’ 2 92
5J=[1+ﬁs (w*+2pg )}[% 1n2(( 19') )+2®<u 1q >+l]
T wipst p 3

_I: +P32(#;2Pq '4“?2 (

_2pQ)pd (K’+1

T

where «'=$;%/2u? and a¢’=(x>+2«)1/2. To obtain Eq.
(C11) we have: ignored the last term of Eq. (C10) since
it is smaller by a factor m/ 8’ compared to what is kept;

used Egs, (A40) and (A44) for (ps2ly—2H,) and
(ps2lo—2H,), respectively; used Eq. (A19) for ps2Go™;

and finally for $32G™ we have approximated the result
of Eq. (A20) by

p8°Go™ = —{In*(ps?/m*)-+(27*/3) ].

®(x) is the Spence function defined in Eq. (A49). Since
for small x, ®(x)~~x, we have consistently thrown away
®(m/ &) terms.

APPENDIX D: SOFT PHOTON INTEGRALS

The basic integral required for the evaluation of 3§,
(II1.16) is

. 15 Rk / (papo)ds
Pm?b [k2+)\2]1/2 (Pak) (P bk)
+3K (popr). (D1)

We have separated the anticipated infrared term
K(pa,pv), defined in Eq. (II.10), and consequently
I(po,ps) 1s divergentless.

We first consider the simplest case, ie., po=p,=2p.
Then Eq. (D1) becomes

m m
In—=1+In—.
2w

Ipp)y=—| ———F
(5,9) /;[H+mﬂw2 -

(D2)

Next consider the case po=p; po=p. Then the first
term is

SRk (1)
I@M—%@MJ#/ <E%@5)

where v,=|pa|/8s If we let z=k/w=k/[F2-+N2]1"2,

al

(2p9)* pi—2pq\ 4r
()7 ]
pips? u 3

’

)[1 2%’ lna _ +q>(a'—,<');d>(—a'—x')—r2}’ (C11)
a4 _ |

then

1(p,pa)

—3K(p,pa)=

1 ¢ 2dg 1—2,2
L)
20, /9 1—32 142,32
1 2 dy 1—9,2
)
49, ) _s1—3 14,3
p.p)—1K (5.5 1[1 <1+§>1<1~va)
yPVa) ™72 yPo) =} IN{ —— 1 In
24 28008 4, 1—2 1+,

29, —2v,
o))

1+, 1—v,
where Z2=&/[&*+A2]"/2 and in performing the last step
we have let A — O wherever possible. We now make the

high energy approximation, 8.>m., hence 8.2|p,|
+(mq2/28,). Then

tons-sns-o5f o)
Pa) 2 yPa)=—1ID{ — | I
P a2 b= 1Y) Mz,
28.\?
roto—of () ]
Mq
By arguments completely equivalent to those of Ap-
pendix A, Sec. D we can show

28, 28, /A\? 2mé,
K (p,pa)=ln2<~—> 1n(——> +<I><1— ) .
Mq Mq m M
Combining these results and making use of Egs. (A53)
and (AS55) we get

% Mg m
lnw In——% ln2<————)
8. 28, 28,
2

+io()—je (1—2%8)5 (D3)

MOa

1(p,pa)>=
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Finally we consider p.sp=£p;. It is shown in Ap-
pendix C of Ref. 13 that

(o) = (b / [ (w)+ c.,,,]

where p,= poy+ps(1—y) and

y0— | Py y+ y Y
Py lplln<po IP[>+21H<P.0+|PyI).
Ipyl Pyo— lpyl 2py0

ab=

This is exact. We now make some approximations. Both
$o and p, are highly relativistic and both point in ap-
proximately the forward direction. Therefore p, is
also relativistic, i.e., (pyo— |Py|)/puo is of the order
mams/ 8.81K1. This shows that we can safely neglect
Gap in the above. Therefore

Ly v
I =) [ = n(22).
0 Pt @

The v integration is trivial for all but the following
three cases:

pa=qor g pp=p" and p.=gq; pr=¢

In the first two cases p,® has the form ay*+by—m?.
Hence if we rewrite Eq. (D4) as

(D4)

8
I(paps) = (papb)[u@a,pb) In—
w

n(14-cv)

»], ©s)

0 y

where u(pe,ps) is evaluated in Eq. (A48) and
c={(8,—8y)/ 85, we can approximate p,® by ay*+by
in the second term. That is, the contribution to I(p.,p’)
coming from small v is almost completely contained in
the first term. The error introduced by this approxima-
tion can be estimated by the difference in the integrands
at =0 times the distance over which the denominator
is comparable to m?, i.e.,

(' pdc_m*  m
X__/\

b b _energy

and is seen to be small. We may write

/ldy In(14-cy)
0 ay2+by
i rfin(14cy) Yin(1+cy)
= | ———Tdy— d D6
bl:/o Y ’ / (y+b/a) yj] (De)

which can be expressed in terms of Spence functions by
employing Eq. (D8).
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In the last case, where p,=¢; ps=¢’, we have
pt=—w[2'y(1—y)+1], where «'=ps/2u"

The change of variables to z=2y—1 then converts

Eq. (D4) into
K1\ 1! ds (RE- &)+ 8z
oo ()t
4 12— (d/K)? 2%

and a’= ("2 2«")*/2. We rewrite this as

K+1( 2E—8& sad'+«'\?
{ln ln( )
20’

20 o' —«

t 1 1
gAl ]
bt (@/K) z2—(d'/K)

!

sl o

This last integration can be expressed in terms of Spence
function by means of Eq. (D8).
We need to evaluate the following integral:

Uin(14cy) Hrin(1—cr)+ey
L L
o ytr r ¥

We have let y — y—r. If we further let y=[(1—cr)/c]z
we get

Un(14cy)

147
dy=In|1—cr| ln(———)
0 y+r 7
(1+7)c rc
—@( )—I—fb( ) . (D8)
cr—1 cr—1

APPENDIX E: HARD PHOTON INTEGRALS

I(g,4)=

Xln[l—i-

In this section we evaluate the integrals which appear
in Eq. (IT1.51)

( 212 21 d
g, D= £4) / / _‘ﬁAa(z‘) (E1)
2Tg —1qi lq k‘ 2w

for all the 4,@ listed in Eqs. (I11.29)-(II1.49). v is the
same as in Eq. (IT1.14) and is defined by

y=—q-k/w=E—|q|cosp, (E2)

and # is given in Eq. (II1.15). Throughout we shall
assume that

7> >m and E+AE< Enmax’.

(E3)

These conditions, as can be seen from the discussion
following Eq. (II1.12), are equivalent to Eq. (IT1.12)
and, in fact, have already been invoked in the derivation
of Eq. (E1). Furthermore, in evaluating Eq. (E1) it
shall be our practice to neglect terms of order unity.
In order to perform the ¢ integrations it is first neces-
sary to explicitly exhibit the ¢ dependence of 4,®. To
achieve this the following relations, derivable directly
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from the geometry of Fig. 3, will be used: u= & — |p’|cosb cos(p+1), (E8)
p' k= —w(u—2vcosp), (E4) v=|p’|sind sin(¢+7).
q k= —w(a+vcosp), (ES) We can express # and » in terms of y by means of
. . lati
gst—bc cose, (E6) Eq. (IT1.7) and the relation
where cos(¢+n)=(E—w—y)/(la—k|),
e=y+m—u, . . . .
. which again follows directly from the geometry of Fig. 3.
b=ps’+2mw—20u, (ET) The following table of integrals can be seen to have
c=2wy, relevance to our problems:

1 27 a/-+b cosy ¥ d—a(V'/b)
- dy = + )
2rJo a+bcosy b [a—b]2

(E9)

1 % o/4¥ cosy ad’ —bb’
- dy= ) (E10)
2w Jo (a+bcosy)?  [a®—* ]2

1 /h dy ab
2rJo (a+b cosy)?(a’-+b cosy) B (ba’ —ab")[a®— ¥

y r b v "
- (ba’—ab')ZL[a2-b2:|”2 [alz_blz:]uz] , (E1D)
1 por dy 1 r a ' v’ :l
2#/0 (a+b cosy)2(a’+V Cosy)2— (ba’—ab’)2l_ (a2—b2)%2 l (a2—b'2)32
20b° r b 14 i
" (ba'—ab)yL (2 — B2y (a’2—b’2)1/2] - B

dy % %

1 2T
57:/0 (a4 cosy) (@'+b cosy)(a”'+b" cosy)ﬂ(a’b—b’a,)(a”b—b”a)(az—b2)1/2 I (ab’—ba")(a"'b'—b"a’) (a2 —b'2)1/2

b2
!
' (ab”— ba") (a’b”—— blall) (aug__ b"2)1/2 '

(E13)

From this table one can already see the advantage of defining
Dy=(q=KP@i—); Dy=(q—KHa~1); D=(a—K’G—c).

Dy, Dy, and D are, of course, functions of .
Some straightforward manipulations then yield

Dy (y)=[m(E+m)— (y+m)(8'+w) P+m*[q*~ (E—y)*], (E14)
Dy(y)=[(E—&+m)—p1y*+2(8 —m)[w* —m(E— &+m) Yy-+m(8' —m)[ 2u*+m(&'—m)],  (E15)
D(y)=4{[m(& —m)|q| —wy(8+o—m) '+ 2wm(8'—m)(§+w—m)(E— 4|} E+]|ql —)}. (E16)

After having performed the ¢ integrations the resulting integrands of Eq. (E1) are algebraic functions of y.
That is to say, the y integrations are never that complex so as not to be found in any standard table of integrals.
However, the performance of the y integrations leads to unwieldy expressions and the problem then is to reduce
these expressions into a manageable form. The following properties of D, (y) and D, () aid in performing this



B998 JOSEPH KAHANE

reduction:
Dy (y), Dy (y),
has a relative minimum for y equal to
m(E— & —w) mE(E—8)—u8
T g ot T T ey
and the value of the function at this minimum is
mg[qZJEerV(g’er—m)] ip LEEWEE—m 8T
&'+wtm &+ —m*—2(&'—m) (E+m)
which is approximately equal to
[m?/(8'+w) I 2mE(E— &' —w)—u*('+w) ], [u2&/(E— &) 1 2mE(E— 8)—u*&'].
At y=E—|q| the function has the value
[m(EA-m)—(E—[q|+m)(§'+w) ], [(E—|q|+m)(|q|+ &) —m(E-+m)]2.
By expanding about the minimum
Dy(9)=Dy () +—y)(E+w)?, Dy(9)=Dy(yy)+(y—ye)(E—E)?,
we can approximate the value of the function at y= as
Dy (§)=[§(&+w) 7, Dy (y)=[9(E—- 87T,

where we have made use of Eq. (E3) in the last step.
To illustrate how these properties are used in a typical y integration, consider

dy 1 [
—_— Do (y) 242y :'
/E-Iql [Dy (y)]W o LDe GV} 2012

where b and ¢ are defined by Dy (y)=a+by+cy?. Then —b/2¢=1y, and we write the argument of the log function
as [ Dy (y) 12462 (y—vy). At the upper limit this is approximately 257(E— &), where we have used ¢/2~(E— &),
and at the lower limit we have

7

E—|q]

mE(E— &) —u8
(E—8')

/”’ dy 1 | 20E-8Yy 1 , [[Z(E— 5’)]2 co:l
fad n == n —1.
mlq [Dy () E—§ wE  E—§ u ©

We are now prepared to tackle the integration of Eq. (E1). For =1 we have:
(1a) a=¢% A ;D is independent of ¢ and

wé&  WE
E— é"_E—— &’

(E— | a| +-m) (Bt 8)—mE+ (E— 5/)[12— | +m— ]=2<E— lal)E+

Therefore

/v dy 1r ot 1] 2F
oo YL+ —20E+20y] E—olE—[q| §d w(E—w)’

Therefore, (1b) a=¢'%. Employing Eq. (E10) (with o’=1 and

e E 88 [Tot-dme (pd-+-4pg-+2mew) Jde b’=0) for the ¢ integration we get
gt =

ToJ3 w(E—w)

N ,,(1>——~—/AEdw/ n(y)
g ,W=In(a/AE)+O(AE/E). (E17) —ta1 [Dq (y)]m
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where D, (y) is given in Eq. (E15) and

n(y)=(q—k)%
=wy+[q*—wE— (§'—m)(E+w+m) ]y
(&'~ m)[u+mE—wm].

The y integration although cumbersome is straight-
forward. It yields (upon neglecting 1 compared to 7/m)

R o)

Therefore
9V =In(0/AE)+O[AE/(E— &)].

(1c) a=gq¢’. This time Eq. (E9) is relevant to the
o integration. The required y integration is then

/17 dy 1 | (a’+x')2
- _ n ,
-l YDy (M) ]2 w2a’ \a'—«
where ¢’ = (k'242x/)1/2 and «’= p;2/2u2. This result again
neglects m compared to §. Finally we find that

=2+ & a4
sl AW R

¢ AE a’ —«

a
AE s+«
v, e
E a’ —«

(1d) a=gq; a=¢’; a=1. The pattern is clear so we
simply state the results:

AEN\2p2(WP+mE 2EN? &
gq(l)z__(__)ﬂ_m_) ln((——) _Li_)’ (E20)
E To uw/ AE

AE \p32(p32+2M2—2mE)
gq, (1) — (
E—8/ To

(),

5.0 = (AE/E)[ & /2(E— &)].

(E18)

These can be seen to be of order unity and are negligible
in our calculation.

It is clear from the preceding that if we expand the
integrands of 9, as (1/w)[a+b(w/E)+c(w/E)2+ -+ -],
then only the first term contributes to the integral; the
rest are of order AE/E. That is, we could have neglected
k everywhere except in the denominator terms (g-%)
and (¢’- k). Moreover, in these leading terms the y inte-
gration never depends on the upper limit 4. That is, we
could have taken as our region of integration the iso-
tropic region of radius AE. But this is precisely the soft
photon approximation, where now AE replaces @. We
therefore see that the soft photon approximation is
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valid for all photons emitted by the heavier particle.
It then follows that the net effect of adding 9, to the
corresponding terms in the soft photon cross section
should be to replace @ in those terms by AE. This is so.

We next turn our attention to ¢=2.

(2a) a=p? Upon employing Eq. (E10) for the ¢
integration, there results

(p)* /“‘ de / (a—K)*(ba’ —cb’>d
2Ty J3 —1a [D)PR

where D(y) is given in Eq. (E16), b and ¢ are defined by
Eq. (E8) and

@' = —T—4wy(ps*— dmE+20y) — donu(u?+ 2mE—2wy),
b =4wr(u24-2mE—2wy).

The essential contribution to this integral comes from
small values of w. This is true for two reasons: First the
1/w term which appears explicitly in the integrand, and
second since D(y) has no sharp minimum in the range of
v integration the result of this integration is something
nearly proportional to 4 (actually to §—E-+|q|), i.e.,
to 1/w. The second reason is more important in that it
has application to later integrals. Then in seeking the
leading terms of the numerator (q—k)2(ba’—cb’), we
treat w as negligible compared to a typical energy and
wy as comparable to mE. This leads to

(q—k)*(ba’—cb") = —16 &' (E— &) (mE—wy)’w(F—3) .
In the same spirit we can rewrite Eq. (E16) as
D(y)y~[ 28 (mE—wy) ] (E22)
Then if we let z=wy and Z=wj=To/8m(E— &), we get

2(2)——

AE du zZ—3z
g ;(2)—____ [
2z w(i—lq) ME—2

We do this integration and get

|- dmur &’ | ( wé >]
n .
P LT V= (E—§)

A moment’s consideration shows that the soft photon
approximation is poorest when applied to I(p,p), the
term corresponding to 9,2, To improve this we can
let e replace @ in Eq. (II1.18), where e&® and add to
9,2 the term

dz.

g ®=

Cdw pEHA Z—wy
e i
—iql mE— wy
The net result of performmg these operations is found
to be identical with the result obtained by simply re-

placing, by 1, the coefficient #/2& in the above expres-
sion for 9,2, We therefore write

Amr &’ uré
9,2 ® = _[1+ 1n< >} . (E23)
T, ImE(E— 8)
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This can be seen to be of order unity and is negligible in
our calculation.
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(2b) a=p". With the aid of Eq. (E12) we can show
that §,2® = (1) (I1)4 (IIT)+ (IV), where

w28 AF ol To—dmw(u2-+2mE) ] 7 (q—k)*u
2Ty J3 w(&'+w)? m-1q) [Dy () P2
(D)= mb'? /'AE dw[ To—4mew (u2—+2mE) ] /ﬁ dy
7o Js (8+w) rta) [Dp ()]
Am? 82 [AE wdw[ To—4a: 24-2mE 7 & 4w)—w —k)?
(1)~ — m / [ mw (24 2m )]/‘ [m(&+w)—wnl(q )dy,
To J3 (8'+w)? Elq] [D(y)
V)= _Z'Mé”z /‘AE wdw[ To—4mw(u?+2mE) ] /‘17 dy .
Ty Js (8'+w)? r-1q [D(y) 2

The y integration in (I) is arduous. It can, however, be
shown that

7 (q—k)2u 28
—/E—lql LDy (3) 2 y:mz(é?’)-i-w .
D, (y) has a sharp minimum at
y=m(E— & —w)/(§+wtm)

and the above result depends on the condition that the
vy integration region contains this minimum. This con-
dition is identical with the condition (E3) which is as-
sumed to obtain. Furthermore, (IT), (IIT), and (IV) are
all of the order m/&’. This will become more apparent
in the next case (2c) where the ¥ integrations of (II),

(III), (IV) are done. That (I) is the only surviving term
could have been guessed at from the start. For if we
assume that the essential contribution to 9,-® comes
from k||p’ [because of the (p’-k)? in the denominator |
then in g we can let k=wp’/ &, Le.,

g3*=p2—2k(p—p")=ps*[(§'+w)/ E'].
This leads directly to (I). Therefore

BB dwys & \3 dme (w24 2mE)
s
2 w\&Htow To

and neglecting terms of order unity we get
9o Png/AE.

(E24)

(2c) a=pp’. Applying Eq. (E11) to do the ¢ integration we get
g

8/3 AE

Ippr P = _]_‘; _
where
N(y)

_— d R
/E_m [0y ()"~

(8'4w)w

dw
(A+B),

(E25)

2N 4m (8 +w) (q—k)2(m(E'+w)—w
O I s

B= T
] 210 [D()TL

N(@)=ToF20y(p?—4mE+2wy).

n<2 (5'+w)2?7)+

It can be shown that
N{(y0)
A= 1

B P )

mE

D(y)

2wy

j—2m(2E—§')7,
é,urw[wy m( )]

where yo=m(E— &' —w)/(&+w-+m). To evaluate B we first pick out the leading terms in a manner analogous

to that used in 9,2® [case (2a)]. Then

mhb

B /2 T+ 2z (p32—4mE+Zz)r
o(E—{al) &' (mE—3)

1+ dz,
L I mE——z]
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which integrates to

1 {[To——é}m?E(E— &)

z
= + (4m2E2—TY) ln(1—~—)+22[2m(2E— 8)—z]
&+t mE

mE—z

The last terms of 4 and B cancel completely. With the aid of the relations

1( & \¢ 1 1 & &
) 8'—{-&)) _w E+tw (8+w)? (8'—{-0})3’

28" E(E—3&) Eg
Yo(m& —2mE-+wyq) =m2(5’+w)|:1— :I

4w (8+w)? (84w)il
we can do the remaining integration. We finally get

AE 28 AE —AE\  /4m?&? Am2 &2 1 AmE(E—38)
Ipp @ =2 In— In——3% ln2——+Rln£——<I>(——)+( —1)]1—-( } >I2— 7
@ m @ 8/ To To 2 3T0

3

m2E? To—4Anm?E(E— &)  /4m2E? 28 AE
- 14 I: 1 ( - 1) 1n(—~———~):| In—, (E26)
To A28 To mE(E—8') &
where
£=8/(8'+AE); R=2In(28'/m)—In(AE/5)—In¢;

Ii=(1—-&(R+2)+E1InE,

I=Q1-)(R+1)+£ Int+(1-9),

Ii=(1-8)(R+H+E Int+(1-H+3(1—-8),

L= (1= )R+ g+ (1— D+H(1— ) +3(1—89).
The last term of Eq. (E26) comes from B; the rest from 4.

(2d) a=p. This case is not very different than case (2a) and analogous considerations lead to
AE
o= __/ dw / m(z)dz
octaly (ME—2)*"
where
m(z)=2(E— 8)3*— (4mE2—6mEE —u28 )z 2mEQmE*—3mE & —u2§').
Upon performing this integration we get
mE(E—8)  p(u2+2mE) w28 AE
9,P= —': =+ ln( )] ln(-——) . (E27)
ué’ Ty 2mE(E— &) w

(2e) a=7p'. Following the same procedure as in case (2c) we can show that

5/2 AE dw
Gp@=—

ToJs (84w)?

(4'+B),

where 4’ and B’ are the same as 4 and B (E25) with N(y) replaced by M(y) and
M(y)=To—4m? 8 (B3E— &)+ 2mw[ 4m 8 —u2— 6mE-+-2mo |40y 3mE — 2mE~+ 2mw+wy].

However, since in this case we have one less power of w in the denominator compared to case (2c), we need only
consider the leading term, i.e., the term corresponding to the first term in 4. Using the expansion

E'M (yo) —pP (- 2mE+2mE") & | (1_L8m28’2\ & 1202E & & 4m2 2 &'t
= —_ + ,
(8 +w)*T To &+ \2 Ty /(8+e) To (84w Ty (84w
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we get

—p (WP 2mEA-2m &) dm*E”? 1 Am*EE m2l?
Ip @ = Ix+< f ) 2=

T+ T4, (E28
TO TO o T(] ! )

Ty

where Iy, Is, I3, I4 are given below Eq. (£26).
(2f) a@=1. It can be shown that

AE[mE(E—§&) 4m*E(E—§) W&
glm.:-_[ - m( )]
W28 T, 2mE(E—§')

E

This is of order unity and negligible. The reasoning used in the previous case to allow us to disregard all but the
leading term is applicable here to anticipate this result.

Finally, when ¢=3 we have:

(3a) a=pq. We use Eq. (E9) to perform the ¢ integration and get

p2E /AE dw / [ wi-2mE To+ (p+2mew) (u2+2mE)
ol ¥ L (@t et 20E+20p)it [D(y)]e ]

The y integration, neglecting terms of order AE/E, yields

Toe /2E To+ ps? (u>+2mE) w28
() O (ovziz—)
P32E yi w p32E 2mE (E—“ g’)

AE 2E\? AE P2 (-2mE) W&
Ip P = —ln——[]n(——) —%1In (1 } ) ln :| . (E29)
& u & T 2mE(E— &)

(3) =

Therefore,

(3b) a=p'q’. Upon doing the ¢ integration with the aid of Eq. (E13) it is found that
mEE /AE [To—2mw(u?+2mE) ]
To J3 (8 +ww

B = —

(Y1+ Yot Ya)dw s

-gp’q’

where

e

1= =—In{ —m],

B-jqt 3+m)[ Dy ()] mE \p*42mE
v dy 1 ut—2mE

Vo= / =——ln<———), (E30)
s-1a) +m)[Dy ()] mE T

g wdy r 1 2w
Y3= «
/E—m [(m8)—wylL[Dy ()] [D(y):l”z]

From Eq. (E15) and Eq. (E16) we can show that (2w)2D,(y)=D(y) for y=m&'/w. Moreover, since Dg(y) has a
sharp minimum at y=~—m, we can safely make the estimate

/ dy 3 1 /‘ dy N
(8 =)Dy )T [Dym8/)12) m&—wy m(8+a) ) [Dy()]

Furthermore, from Eq. (E22), it follows that

| i J /
(m8—wy)[DB) 2 [Dm8/)]") (m&—wy) m(E—8)) [D(y)I"?

Therefore,
of 1 g dy 2w 7 dy
el J. ..o
8+ J g-1q [Dq (y)ZI”2 E—8"Jp-1q [D(]?
12 28— 8 g
|—ZIn( ) ln(j——ln(—-——‘—‘——-——)}.
&)

T m(E— &) (E4w)l i &
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It can be shown that the contribution to 9, ,® arising from this term is approximately

E [ (UE=8)\ AE p2 (a2 2mE)
M»E_gll_ﬂn( )—111——:”:(1 £+ —————T ——(1— S—an):l

! 0
which in spite of the large logarithmic terms is still of order unity and hence negligible. From ¥, and ¥, then we get
2Er AE 2 (W2+-2mE)
I g ® = |:ln—7+(1+———) lns] . (E31)
I w 0

(3c) e=pg’. Equation (E13), with ¢”=1 and 8" =0, is used to do the ¢ integration. We get
- mé”(E &) [+ da TOMy [ 1 2%
i By = o7
ot (m8 —ay)L[Dy ()2 (D)

where T(y)=To+2wy(ps?+u?—2mE). If we now exploit the strong resemblance borne by the integrand in ¥,
Eq. (E30), of the previous case to the integrand here, we can immediately write for the y integration

1r 1 v T (y)dy 1 2w g T(y)dy
;I:g'—l—w /E—!qi [De ()] E—8& /E—Iql DG
1 2(E—8)\?w E 28
(8 tw) (- g')[T(y o) In [( P ) ;}T(%) ln(m)]

where y, represents that value of v for which D (y) has a minimum and y¢>—m. Consequently,

AE 2(E—8&) AE 2mE(pst-+u—2mE) w28 AE
(14 )m( Ju—. m)
2mE(E— &) 5

In —3 In’
w " ® w

Ipe®=21n

T,

In this result we have neglected the term

32 32 2_2 E e
[ (), )]
0 12 w

which is of the same order as the contribution to 9,,® [in case (3b)] arising from ¥, i.e., of order unity.
(3d) a=p’q. Here, as in the last case, Eq. (E13) is again applicable to the integration de. Accordingly we get

m& [AF dw(E~ & —w)

9= __]To. _ WETO—{— 2w (pt— 6mE— 2+ 2maw) [ D1+D- ],

L dy v 2wdy
D1=/ 5 1)2:/ ————
a-1q) Y[Dw ()] B-lat YLD () 12
By using Eq. (E22) for D(y) it is easy to show that

o) 2B\ & wé
T L ow H ey
mEE uw/ w ImE(E— &)

and therefore its contribution to 9, ,® is given approximately by
—Ing[2In(2E/u)—In{AE/%) ],
which we neglect. D; is more complicated. However, if we neglect # compared to § it can be reduced to

D1=[2/m(E— 8 —w)]In[2(E— & —w)/u].

where

The o integration then yields

In: nfln—
@ b 7

(E33)

AL 2(E—8) 2(u2+6mE) 2F
gp,q<3>=2{1n [H ]1 } .
0
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(3e) a=p. Equation (E9) serves to do the ¢ integration. We next require

/,; {pg“’(,u?—{—ZmE)+2mE(2mE—u2—l~2m<»)—2p32wy ImE }d
- y
[D(y) ] lq—Kk|

E—|ql

p32y2+2mE(2mE—y2+2mw)l ( ué >
— n .
Ty 2mE(E—§")
This leads directly to the result
Wit 2mE(2mE— u?) AE wé
e e T )

n—In{ —— (E34)
T 2mE(E— 8

w
(3f) a=p'. The ¢ and resulting y integrations are analogous to case (3d), whence we get (neglecting order unity)
& 2 du 2(&'+w) w]

Gy @ P( )[ZIn————ln—
? Tolo (Etar m o

where
P(yo)=p2(ps2— dmE)+ 2mw(3ps2 — 6mE-+4mw)+ 2w m(E— &' —w) /(8 +w) J(ps2+ 2mw) .

With the aid of the result
P(y0)/(E'+w)?=(2m)*—[8m*E/(§ +w)],

4mE1>32 AE (P;;Z)z AE
G ® = —[ [R 1n§—|—<1>(———):'+ “(R— l—lnE):I . (E35)
T & Ty, &

we get

(3g) a=q; a=¢q'; a=1. Since these cases resemble closely enough some one of the preceding cases so as to make
the technique for their evaluation self-evident (and their contributions are anyway negligible), we simply state
results:

AE 12022 28
g1(3) = — In ,
E T, 2mE(E—8&)
AE[  (4mBE—pd) (4mE—p2) 2E  AE
gq<3>=—[1+ : ][2 In ln——:l,
E To 1 @
AE [(QmE—peP— 242 (3mE—p) 2E—~8) AE
Gp®=— ][2 In: ln——] .
E—-é&l T, 4 &



